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The water sparkles
secret messages of light
I want to learn the code
—N. Samelson, Home to the Mockingbird (1971)
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Preface

The purpose of this text is to give a concise but comprehensive introduction to the basic
elements of the theory of large-scale ocean circulation as it is currently understood
and established. The intended audience is graduate students and researchers in the
fields of oceanic, atmospheric, and climate sciences and other geophysical scientists,
physicists, and mathematicians with a quantitative interest in the planetary fluid
environment.

When 1 first began to study the physics of ocean circulation, it was the intrinsic
scientific interest of the subject that was most apparent and appealing to me. Since
that time, evidence has grown strong that human activities are substantially modifying
the Earth’s climate, with long-term effects that threaten to significantly disrupt the
environmental structures on which human life and civilization depend. This troubling
development brings a new imperative to the study of the ocean’s large-scale circulation
as this circulation and its interactions with the atmosphere and cryosphere play a
clearly important, but still poorly understood, role in the global climate system.
Although the ocean components of most numerical climate models are based on
the primitive equations, the dynamics that they represent are essentially those of
the planetary geostrophic equations described here, because of the necessarily coarse
horizontal resolution of climate-model computational grids. Thus, the present material
should be of particular interest to climate dynamicists.

The text is based on lecture notes that accumulated over roughly the last decade,
during which I regularly taught a core graduate physical oceanography course on the
theory of large-scale ocean circulation. | am grateful to the students in the past few
years of these courses who have responded favorably to earlier drafts of these notes
and encouraged me to complete them into a text. That these notes did accumulate
is, to me, the main argument for finishing them into a text: their existence proves
that though much excellent material is available elsewhere, the precise trajectory
through the material that has appealed to me differs measurably from other treatments.

Xi



Xii Preface

Accordingly, it should also be clear that what the text presents as established under-
standing is, of course, a personal view.

My hope has been to keep the presentation as straightforward as possible. Accord-
ingly, the plan of the book is essentially linear: it is meant to be worked through from
start to finish, with not too much in the way of optional topics or branching logic.
Some material beyond what | have normally covered in lectures has been added, so it
may not be possible to get through the complete text in a single course, especially if
alternative topics or perspectives are also to be included. The first six chapters cover
topics and models that may be considered classical and generally, if not universally,
accepted. Chapters 7 and 8 steer a course toward less charted waters, presenting
perspectives that are less well established and based on more recent research in large-
scale physical oceanography. Chapter 9 touches on the thermohaline problem, which
is otherwise largely neglected in favor of a development using a single density vari-
able, and Chapter 10 contains some brief closing remarks. The emphasis throughout
is on the derivation and exploration of the basic elements of the theory rather than on
comparison with oceanographic measurements. The equations are, for the most part,
left in dimensional form; the figures, however, are mostly in dimensionless form. The
reader is encouraged to work through the associated transformations between dimen-
sional and dimensionless variables. Several exercises are provided for each chapter;
these range from the straightforward computation and plotting of numerical results for
solutions derived explicitly in the text to the use of independent analytical reasoning
to obtain extended, related results.

The majority of the material presented in this text is the accumulated result of
the efforts of many individual scientists over many decades and longer and is not
the result of my own research. As is customary for introductory pedagogical texts,
citations of original publications have generally not been added so as to not clutter
the narrative line. A few are included in the notes sections that close each chapter to
give the reader some entry points into the research literature. Closely related general
references, portions of which have substantial overlap with segments of this text,
include the excellent texts by Huang (2009), Pedlosky (1987, 1996), Salmon (1998),
and Vallis (2006). Some of the exercises are motivated by specific publications such
as Huang and Pedlosky (1999), Ledwell et al. (1998), Rhines and Young (1982b), and
Webb (1993). I would also like to acknowledge here the general and multi-layered
debt of gratitude that | owe to so many members of the extraordinarily generous and
dedicated ocean research community, to which I have had the privilege to belong for
longer now than | care to admit in print.

Some portions of the text, especially in Section 5.6 and Chapters 7 and 8, closely
follow material originally published by the author (or the author and a coauthor, for
Section 9.5) in the American Meteorological Society (AMS) Journal of Physical
Oceanography, on which the AMS holds the copyright. The associated figures are
reprinted by permission of the AMS, as indicated in the corresponding captions;



Preface Xiii

similarly, the redrawn Figure 5.8 is used with permission of the Journal of Marine
Research. Ocean observations used in the figures were obtained from the World
Ocean Atlas 2005, which is publicly available from the National Oceanographic Data
Center of the U.S. National Oceanographic and Atmospheric Administration, and
were processed using routines from MATLAB Oceans Toolbox, which is publicly
available from the Woods Hole branch of the U.S. Geological Survey.

I am grateful to Matt Lloyd of Cambridge University Press for his support, encour-
agement, and patience throughout the project. Many authors have found that book
manuscripts eventually can take on a life of their own; when | found that this one
had stowed itself away in my backpack for a late fall hike up the Whitewater Trail to
Jefferson Park in the Oregon Cascades, | knew it was time to turn it loose, with the
hope that a few readers will find in it an approximate match to their own tastes. If the
result is ultimately to improve our general community understanding of the physics
of large-scale ocean circulation, then the effort will, at least in my own mind, have
justified itself.

RM.S
Corvallis, Oregon
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Basic Physical Principles and Equations

1.1 TheLarge-Scale Ocean Circulation

Systematic observations of the fluid properties of Earth’s ocean, made primarily over
the course of the last hundred years, reveal coherent features with scales comparable to
those of the ocean basins themselves. These include such structures as the subtropical
main thermoclines and anticyclonic gyres, which appear in all five midlatitude ocean
basins, and the meridional overturning circulations that support the exchange of waters
across the full meridional extent of the ocean, from the polar or subpolar latitudes
of one hemisphere to the opposing high latitudes of the other. These features and
motions, which prove to be connected by robust dynamical balances, constitute the
large-scale circulation of the Earth’s ocean.

The global field of long-term mean sea-surface temperature is dominated by the
meridional gradients between the warm equatorial regions and the cold poles but con-
tains significant zonal gradients as well (Figure 1.1). The global long-term mean sea-
surface salinity field has a more complex structure (Figure 1.2), with isolated maxima
in the evaporative centers of the midlatitude subtropical gyres. The global sea-surface
density field computed from long-term mean temperature and salinity reflects the
competing influences of temperature and salinity on density (Figure 1.3). These fields
are the surface expressions of complex three-dimensional interior property fields. The
downward penetration of the warm equatorial temperatures is generally limited to
the upper one-fifth of the water column (Figure 1.4), while salinity perturbations are
less strongly confined to shallow depths (Figure 1.5). Lateral density gradients, more
important for the large-scale circulation than vertical density gradients, largely reflect
temperature variations in the upper subtropics and salinity variations at high lati-
tudes and great depths (Figure 1.6). Coherent, large-scale structures in these property
fields include the mean downward slope toward the west of isothermal and isoha-
line surfaces in the subtropics and the associated eastward zonal gradients of density
(Figure 1.7). These distributions support and are in part maintained by coherent,
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Figure 1.1. Dimensionless long-term mean sea-surface temperature T =
(Taim — To)/ATs vs. longitude (°E) and latitude (°N) for the world ocean, where
Taim is the observed temperature (K), To = 275 K, and ATs = 10 K.
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Figure 1.2. Dimensionless long-term mean sea-surface salinity S = (Spss — §)/AS
vs. longitude (°E) and latitude (°N) for the world ocean, where Sy is the observed
salinity, § = 35, and AS = 1 for salinity on the practical salinity scale.
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Figure 1.3. Dimensionless long-term mean sea-surface density o = (ogim — o)/ Ap
vs. longitude (°E) and latitude (°N) for the world ocean, where pgim is the observed
density (kg m™3), po = 1025 kgm~3, and Ap = 1 kg m~3.

large-scale fluid motions, which in turn form one component of the spectrum of
motions that is observed to occur throughout the world ocean.

The broad range of spatial and temporal scales over which ocean fluid motion
occurs, together with the intrinsic nonlinearities of the general fluid dynamical equa-
tions, makes the direct analytical or numerical solution of complete fluid models
of ocean circulation utterly intractable. However, theoretical progress can be made
by using observed knowledge of the general characteristics and scales of observed
features and motions to guide appropriate simplification of these general equations.
For the large-scale circulation, a basic set of equations—the planetary geostrophic
equations—can be deduced from a relatively limited set of a priori assumptions
regarding the scales of the motion. From a theoretical point of view, this approach is
essentially deductive in nature: it results in a system of equations for the purely large-
scale motion that does not depend on assumptions about, or models of, the mean effect
of smaller-scale motions on the large scale. In their simplest form, these planetary
geostrophic equations are equivalent to a single partial-differential evolution equation
that is first order in time but higher order in space.

Unfortunately, for the theoretician, this deductive model is not closed: it is not
possible to pose a well-defined general boundary or initial-boundary value problem
for these equations without introducing additional assumptions regarding small-scale
motion near boundaries. The theory of large-scale ocean circulation thus rests on a
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Figure 1.4. Dimensionless zonally averaged cross sections of long-term mean in situ
temperature T vs. latitude (°N) and depth z/ D for the world ocean, for dimensionless
T defined asin Figure 1.1 and D = 5000 m: (top) —0.2 < z/D < 0; (bottom) z/D <
—0.2. The vertical coordinate z is defined as positive upward, with z = 0 at the sea
surface so that the ocean is confined to z < 0.

combination of two fundamentally different elements: an essentially deductive set of
large-scale equations and a supplemental set of models or assumptions describing the
mean effect of smaller-scale motion on the large scale. The approach taken here is
to proceed deductively as far as possible and then to introduce the minimal set of
supplemental models or assumptions required to obtain theories that are sufficiently
complete to offer the essential insights into ocean circulation that are sought.

1.2 Physical Variables

In the continuum representation of the substance and flow of seawater that is the
appropriate starting point for theories of large-scale ocean circulation, there are seven
basic physical fields of interest, each of which is a function of time t and of position
x in the three-dimensional space in which the ocean resides. These physical fields
are mass density p, three-component vector velocity v, pressure p, thermodynamic
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Figure 1.5. Dimensionless zonally averaged cross sections of long-term mean salinity
Svs. latitude (°N) and depth z/D for the world ocean, for dimensionless S, defined
as in Figure 1.2, and z/ D, defined as in Figure 1.4: (top) —0.2 < z/D < 0; (bottom)
z/D < —0.2.

energy &, and salinity S. From a mathematical point of view, these physical fields
form a complete set of dependent variables that describes the ocean state.

The fluid velocity v is itself best defined physically as a mass-weighted mean
velocity of an infinitesimal fluid parcel. Two different pressures may be defined: the
dynamic pressure and the thermodynamic pressure; following a standard approxima-
tion, it is assumed here that the fluid is locally in thermodynamic equilibrium and
that these two pressures are equivalent. The thermodynamic energy € is a function of
the pressure p, temperature T, and salinity S, or an equivalent set of three thermo-
dynamic variables; this function is the equation of state for seawater and encodes the
physical properties of the fluid substance. The salinity Srepresents the concentration
of a mixture of chemical salts whose relative proportions are set largely by chemical
weathering of exposed continental forms and may be taken as uniform throughout
the world ocean. In some cases, it can prove useful to exchange dependent and
independent variables; for example, it can be convenient to use pressure as a pseudo-
vertical coordinate.
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Figure 1.6. Dimensionless zonally averaged cross sections of long-term mean in
situ density p = [odim — pm(2)]1/Ap, defined as the departure from its horizontally
averaged mean at each depth [om(2)], scaled by Ap =1 kg m~2, vs. latitude (°N)
and depth z/ D for the world ocean, for z/D as in Figure 1.4: (top) —0.2 < z/D < 0;
(bottom) z/D < —0.2.

The equations that form the basis for the circulation theories are derived from
conservation, or balance, principles for mass, momentum, salt, and thermodynamic
energy, plus the empirically determined equation of state for seawater. These classical
physical principles and the corresponding equations are briefly reviewed in the follow-
ing sections. The corresponding derivations can be found in standard fluid mechanics
texts.

1.3 Fluid Motion and the Material Derivative

The motion of a fluid in two- or three-dimensional space may be described by a
two- or three-dimensional vector function or map X(a, t) that gives, for each a in
the domain, the position x = X(a, t) at time 7 of the fluid parcel with initial position
x = aat t = 0. This is the so-called Lagrangian description, in which labeled fluid
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Figure 1.7. Dimensionless meridionally averaged cross sections of long-term mean
in situ temperature, salinity, and density p = [ogim — om(2)]1/Ap Vvs. longitude (°E)
and depth z/D for the northern hemisphere subtropics (15°N-45°N) and —0.2 <
z/D < 0. The dimensionless T, S, and p are defined as in Figures 1.1, 1.2, and 1.6,
respectively, and z/D is defined as in Figure 1.4.

parcels are followed as they move. The Lagrangian fluid velocity v is then just the
partial derivative of the map X with respect to time t, holding the initial positions a
fixed:

v(a, 1) = %X(a, 7). (1.2)

The inverse A(x, t) of X gives the initial position a of the fluid parcel with position x
attime r = t:

Alx, t) = A[X(a, 7 =t),t] = a. (1.2)
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Alternatively, the fluid motion may be described by specifying the fluid velocity
directly, at each point in space and time. This is the Eulerian description, in which
the motion is considered relative to a fixed reference frame, and no parcel labels are
required. The corresponding Eulerian fluid velocity field u(x, t) is simply related to
(1.1) and (1.2):

u(x, t) = v[A(x, t), t] = %[A(x, t), t]. (1.3)

Note that the partial derivative dX/dt in (1.3) is still taken with respect to = while
holding a fixed, as in (1.1), and not with respect to t while holding x fixed. Both t and
T represent the same time variable, and their values are the same; the reason for the
different symbols is this distinction between the meaning of the partial derivatives.

It turns out that the dynamical equations for fluid motion can often be posed in the
Eulerian framework, with no, or limited, specification of the Lagrangian pathways
of fluid parcels. In that case, the fluid velocity u(x, t) is most conveniently defined
as the ratio of the momentum to mass density of an infinitesimal fluid parcel or,
equivalently, as a mass-weighted mean velocity of the fluid parcel. A Lagrangian
representation (1.1) consistent with this definition can be obtained by modifying the
initial Lagrangian label field a so that mass is uniformly distributed in a space.

Consider a scalar fluid property F(a, t), which might be the concentration of a
dissolved substance such as salinity. The rate of change of the value of this property
for a given fluid parcel is the partial derivative of F with respect to ¢ while holding a
fixed, and is denoted DF /Dt:

DF 0 -

or = EF(a, 7). (1.4)
Suppose that F is given, instead, in terms of its distribution F(x,t) = F[A(X, t), t]
with respect to x at time t. Then the derivative following the motion, as a function of
x and t, can be computed using the chain rule:

DF D oF

ad
o= orF = (;F[X(a, 7). r])t=t =u-VF+ - (1)

Here 9 F /dt denotes the local rate of change of F with spatial coordinates x held fixed,
and V is the three-dimensional gradient operator in x space so that VF = grad F is
the x gradient of F. The operator D/Dt defined by (1.4) or (1.5) is the material
derivative: the rate of change of a fluid property following the motion of the fluid.

1.4 Mass Conservation

The principle of conservation of mass demands that fluid mass be neither created nor
destroyed and relates the mass density to the motion. With the continuum representa-
tion of the fluid, this principle can be expressed as a partial differential equation that
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balances the rate of change of the mass density p and the divergence of the mass flux
pu:

Dp
Dt

Here V - F = div F is the divergence of a vector field F. Equation (1.6) is the Eulerian
expression of the principle of mass conservation.
In the Lagrangian setting, the principle of mass conservation is

pJda = po. (1.7)

Here pq is the initial mass density, assumed constant in a space, and J, is the Jacobian

determinant:;
X X
Ja = det <a_) = det ({—'}) , (1.8)
Ja 8aj

where 9 X; /04, is the matrix of partial derivatives of fluid-parcel positions X (a, 7) with
respect to their initial positions a. Equation (1.7) follows from the me transformation
rule of integral calculus.

ap/ot+V -pu=0p/ot+U-Vp+pV-Uu= +pV.-u=0. (1.6)

1.5 Momentum Balance

Newton’s third law of motion, a basic principle of classical physics, relates the rate
of change of momentum of a particle to the sum of applied forces. In a reference
frame rotating with angular velocity €, the corresponding statement for a fluid may
be written

D
p(D—ls+ZSqu)=—Vp—pVCDg—V-d, (1.9

where @ is a potential for the sum of the gravitational and centrifugal forcesand V - d
represents the component-wise divergence ad;j /dx; of the deviatoric stress tensor d.
In Cartesian coordinates X = (X, Y, z) = (X1, X2, X3),

1
(d)ij = dij = —2u (aj -3%V U) , (1.10)
where
1 /ou; 3Uj
i =5 \ac T 52 ) 1.11
G 2 (an + X ) ( )

In (1.10), w is the dynamic viscosity, and §;; is the Kronecker § function.

The term in (1.9) proportional to € is the Coriolis force. For the rotating Earth,
|2 = Q =7.29 x 107° s71, and it will be sufficient here to take &4 = gz, where
z is the local vertical coordinate and g = 9.81 m s~ is the effective gravitational
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acceleration. The dynamic viscosity & = 1.3 x 103 kg m~! s~ for pure water at
10°C, and is within a few percent of this value for seawater.

1.6 Salt Conservation

Like the total fluid mass, the dissolved salts in seawater can be neither created nor
destroyed, provided that biological fluxes and other changes of state can be neglected,
as they will be here. This means that the concentration of dissolved salts, or salinity,
Sof a fluid parcel can change only by diffusion:

DD—tS = ksV?S. (1.12)
Detailed consideration of thermodynamics shows that thermal and pressure gradients
can also cause salt diffusion; however, these effects are small and are neglected here.
A characteristic value for the saline diffusivity ks, which depends on temperature,
is ks = 1.5 x 107° m? s~1. For a 0.125M saline solution diffusing into pure water
at temperatures near 300 K, an empirical expression is ks = k; exp(—ky/T), with
ki = 4.20 x 107 m? s7* and k, = 2368 K. Oceanographic salinity values are now
generally given in the dimensionless units of the practical salinity scale, which are
nearly equivalent to parts per thousand by mass.

1.7 Thermodynamic Energy Balance

The first law of thermodynamics relates the change in internal energy of a thermo-
dynamic system to the work done and the applied heating. For a compressible fluid,
this principle can be expressed in terms of the rate of change following the motion of
the internal energy € and density p (or equivalently, specific volume 1/p) of a fluid
parcel:

Dé D /1
— 4 p=— =)=k VT . 1.13
p[DterDt(pﬂ VT + x +p Qe (1.13)
Here kr is the thermal conductivity, x =2 u[Zijej&; — (V - u)?/3] is internal
mechanical heating from viscous dissipation, and Qe is external heating. For pure
water at 10°C, kt = 5.8 x 1071 J m~! s~ K~1, A term representing the chemical
potential for salinity could be included in (1.13) but is generally small and is neglected
here.

1.8 Equation of State

The physical properties of seawater in thermodynamic equilibrium are described by
an equation of state that relates one thermodynamic variable, usually the density p or



1.9 Seawater Equations of Motion 11

internal energy &, to three others, usually pressure p, temperature T, and salinity S.
In terms of density, the equation of state has the form

p=R(pT,9). (1.14)

The physics of liquids remains mysterious, and a theoretical derivation of an equation
of state from a molecular or quantum mechanical description of seawater is not
currently available. Consequently, the function R must be determined empirically,
which is generally done by fitting elementary functions in p, T, and Sto data from
experimental measurements. The function R proves to be nonlinear, with the dominant
nonlinearity being the dependence of thermal expansibility on pressure. Most values
of in situ seawater density p in the ocean satisfy 1020 kg m—3 < p < 1070 kg m~3.
A standard reference value is po = 1025 kg m~3. The specification of the equation
of state in the form (1.14), rather than as an internal energy function, is convenient
for oceanographic purposes. Measurement in the ocean of pressure, temperature, and
salinity is much easier than direct measurement of density and, consequently, the
equation of state (1.14) is used regularly to determine the dynamically important
density from ocean observations.

1.9 Seawater Equations of Motion

In summary, the basic set of equations for a compressible, two-component, vis-
cous, thermodynamic fluid subject to a gravitational force in a rotating coordinate
system is

Dp
L 4+ pV-u=0, 1.15
o TP (1.15)
Du
P(D—t'i'ZSZXU):—Vp—pVCDg—V-d, (1.16)
DS
—= — kgV?S, 1.17
Dt s (1.17)
Dé D /1
- — (=) | =k V3T 1.18
p[DterDt (p)] TVT + X + 0 Qe, (1.18)
p=R(pT,9. (1.19)

These represent, respectively, mass conservation, three components of momentum
balance, salt conservation, thermodynamic energy balance, and the equation of state
for seawater. This is a set of seven equations, which, when combined with suitable
initial and boundary conditions, should, in principle, be sufficient to determine the
seven unknown fields p, u, S, & p;the equation of state, represented here by the em-
pirically determined function R in (1.19), implicitly relates é to the temperature T
as the form of R indicates that any three thermodynamic variables are sufficient to
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determine the equilibrium thermodynamic state of a given fluid parcel. The parameters
and fields €, ks, kr, ®4, d, x, and Qg are as defined in Sections 1.5-1.7, and the
material derivative D /Dt is as defined in (1.5).

1.10 Fluid Parcel Trajectories

Equations (1.15)—(1.19) are posed in the Eulerian framework, in which there is no
explicit reference to Lagrangian labels a or trajectories X(a, t). That it is possible
to pose and solve the fluid equations in this simplified framework contrasts with the
standard situation in classical mechanics, in which particle positions and momenta
must, in general, be computed simultaneously. The existence of this possibility can
be understood as a consequence of a parcel-exchange symmetry in the Hamiltonian
formulation of fluid mechanics.

If, for a given set of initial and boundary conditions, a solution to (1.15)—(1.19)
is found, the velocity field u(x, t) is then known. The trajectories X(a, ) can be
obtained a posteriori by rewriting (1.3) as a set of ordinary differential equations for the
maps X,

d_X = u[X(r;a), ], (1.20)
dr

and solving these equations with the labels a as initial conditions. Because the labels
a appear in this context only as initial conditions, it is consistent to write the time
derivative in (1.20) as a total rather than partial derivative and to regard (1.20) as a set
of ordinary rather than partial differential equations. In (1.20), the notation X(t;a)
emphasizes that X has only parametric dependence on the initial conditions a. The
time variable is written as 7 in (1.20) for explicit consistency with the distinction made
in Section 1.3 between the Lagrangian and Eulerian independent variables (a, ) and
(x, t): the trajectories are labeled by their initial conditions a, and this label is held
fixed for each trajectory as the time derivative is taken. The resulting instantanteous
fluid parcel velocity dX/dt at (x,t = t) is equated in (1.20) to the local velocity
vector of the fluid flow field u(x, t = 7).

Given a velocity field u(x, t), it is always possible to compute solutions for the
trajectories X(z;a) from (1.20). Even for relatively simple three-dimensional and
time-independent, or two-dimensional and time-dependent, velocity fields, the result-
ing fluid trajectories can be extremely complicated. In addition, if the composition
of the fluid parcel is subject to change by diffusion of material properties, such as
salinity, according to (1.17), the physical meaning of these trajectories must be con-
sidered carefully, because the fluid parcel may eventually lose all practical identity as
a discrete physical object. An equivalent ambiguity can arise when the velocity field
u(x, t) is taken to represent only the coherent, slowly varying, large-scale component
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of a complex flow with many scales of motion, and the average effects of the smaller-
scale, rapidly fluctuating motions are presumed to act as a generalized diffusion on
the large-scale flow.

1.11 Notes

A standard introduction to fluid dynamics, which gives a more detailed development
of most of the material in this chapter, is Batchelor (1967); many of the values provided
here for physical constants and parameters have been taken from that text. Additional
material on the thermodynamics of seawater can be found in Fofonoff (1962) and Gill
(1982). A new international standard equation of state has recently been adopted (I10C
et al., 2010), in which salinity appears in units of g kg2, rather than on the practical
salinity scale. The empirical expression for the dependence of ks on temperature in
Section 1.6 is from Martinez et al. (2002). A discussion of the effect of temperature
on salinity diffusion and an accessible development of Hamiltonian formulations of
the fluid equations can both be found in the work of Salmon (1998). Historically,
both the Eulerian and Lagrangian frameworks for the mathematical description of
fluid motion should be attributed to L. Euler, with some credit due also to d’ Alembert
(Truesdell, 1954). Samelson and Wiggins (2006) discuss the complicated Lagrangian
motion that can occur in geophysical flows with simple Eulerian velocity fields.
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Reduced Equations for Large-Scale Motion

2.1 Scaling

As a model of the fluid motion and thermodynamics of the Earth’s oceans, the basic
equations (1.15)—(1.19) include a formidable array of distinct types of physical pro-
cesses, from divergence of molecular diffusive fluxes on scales of millimeters to
coherent fluid flow on the scales of the Earth’s circumference, a range of space scales
of order 10%°. This range of scales is comparable to that between the molecular scale
and the scale of a mammal’s body. Thus, in a rough sense, the problem of using
these equations to understand the large-scale structure of the ocean is comparable
in difficulty to using numerical computations of molecular interactions to simulate
the behavior of a mammal. Numerical solution of this full set of equations is thus
well beyond current computational capacities and will remain so for the foreseeable
futuremore. Furthermore, these equations are sufficiently challenging that fundamen-
tal mathematical properties, such as the existence and uniqueness of solutions, are not
established. Some of these basic properties remain a subject of mathematical research
even for the incompressible Navier-Stokes equations, a simplified set of four equa-
tions that may be obtained from (1.15) and (1.16) by replacing the density variable o
with a constant value po.

Despite these formidable challenges, it is possible to make progress by using a
combination of mathematical and physical reasoning to derive simplified, or reduced,
equation sets that describe motions on the largest space and time scales of interest.
Such progress is possible because these equations concisely express a robust set of
physical principles that have validity over the entire vast range of scales, allowing the
relative importance of individual terms in the equations to be estimated in a direct
manner for motions of specific space and time scales. Through the use of such a priori
estimates, a wide range of motions at smaller space and time scales can be effectively
filtered out of the reduced equations for large-scale flow. The reduced equations are
then amenable to direct analytical or numerical solution.

14
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Simplified theoretical or empirical representations of the average effect of the small-
scale motions on the large-scale flow can be subsequently inserted into the reduced,
large-scale equations to obtain at least a qualitative understanding of the fundamental
interactions between these scales of motion. Such closure theories are necessary, as
one of the remarkable facts of the dynamics of ocean circulation is that the massive
circulation systems that span the global ocean, and determine its thermal and haline
structure on the very largest scales, are—even within the framework of the continuum
fluid approximation—ultimately driven and mediated by physical processes that occur
at the very smallest scales.

Direct observations of ocean physical variables suggest the following choices of
characteristic scales for large-scale ocean circulation:

L = horizontal distance =5x108m
D = vertical distance =5x103m
To = reference temperature =275K

S = reference salinity =35

ATs = surface temperature difference = 10 K
ATy = deep temperature difference =1K

AS = salinity difference =1

po = reference density =1025 kg m~3 (2.1)
Apo = insitu density difference =30kgm™3

Ap = dynamic density difference = 1kgm™3

A¢ = sea-surface deformation =1m

W = vertical velocity =10%ms!

U = horizontal velocity =10"°3ms!

tagy = time =5x10%s

The horizontal and vertical length scales L and D are taken from the dimensions of
the ocean basins. The temperature and salinity scales may be obtained from ocean
observations (Figure 2.1). The density scales are obtained from the temperature, salin-
ity, and pressure observations and the empirical equation of state (1.19). The larger
density scale, Apg, includes the mean compressibility effect of pressure on density,
which dominates in situ density variations (Figure 2.1) but has no effect on hori-
zontal pressure gradients (Section 2.3). The smaller density scale, Ap, characterizes
the amplitude of the dynamically important lateral density gradients. The scale for
sea-surface variations may be taken from satellite altimeter measurements or from
the hydrostatic balance (Section 2.3). The scale W for the vertical velocity, which
is sufficiently small that it is difficult to measure directly, may be computed from
Ekman boundary layer theory (Section 3.5) and observed distributions of midlati-
tude surface winds or wind stress. The horizontal velocity scale may be estimated as
U = WL /D, anticipating a simplification of the mass conservation equation (1.15)
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Figure 2.1. Volume-averaged long-term mean (solid lines) and mean =+ standard
deviation (dashed lines) profiles of dimensionless in situ temperature T, salinity S,
potential temperature 6, in situ density o relative to the constant value py and the
horizontal mean at each depth pm(2), and potential density o, vs. depth (z/D) for
the world ocean. The standard deviations are computed from differences from the
horizontal mean at each level from a 1° x 1° latitude-longitude gridded data set of
long-term mean observed temperature and salinity. The dimensionless temperature,
salinity, density deviations, and depth are defined as in Figures 1.4-1.7, using the same
values of To and AT for the dimensionless T and 6. The values of the dimensional
scales Ty, AT, &, AS, po, and Ap are from (2.1), with AT = ATsand Ap = 1 kg
m~3, and oy = pg — 1000, with py in units of kg m=3.

to the incompressible form V - u = 0. This horizontal velocity scale is an order of
magnitude too small for the large-scale upper ocean circulation (Section 5.3) but is
sufficient for the present purposes. The time scale t,q, = L/U is the advective time
scale; its value, 5 x 10° s, is approximately equal to 160 years.

2.2 Spherical Polar Coordinates

The Earth, because of the balance of its gravitational self-attraction with the centrifugal
force arising from its diurnal rotation, has the approximate shape of an oblate spheroid,
with mean radius roughly 20 km greater at the equator than at the poles. To the
accuracy of the theory considered in the following, it is adequate to idealize this
shape as a sphere, with a gravitational and centrifugal force potential ®4 in (1.16)
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that depends only on radial distance. Thus the natural coordinates are the spherical
polar set (1, ¢, r), where A is longitude, ¢ is latitude, and r is the radial and local
vertical coordinate. The potential @ is then taken to depend only onr . Inan additional,
traditional simplification, any deviation of the Earth’s rotation vector € from direction
along the axis ¢ = /2 and constant magnitude is neglected.

In the spherical polar coordinate system, the components of the velocity u relative
to the Earth are

u=(u*, u®, w). (2.2)

To write the equations of motion (1.15)—(1.19) in spherical polar coordinates, the
corresponding differential expressions must be obtained. The gradient of a scalar field
F(A,¢,r)is

1 0oF 10F OF
F = PP T . (2'3)
rcose oL’ r d¢  or

The divergence and curl of a vector field F = (F*, F?, F") are, respectively,

1 oF* 1 9(F?cos¢) 1 9(r’F")

= 2.4
rcosg o +rcos¢ R1) rz. or 24)
V x F = (E, B, E"), (2.5)
where
A 1[oF"  a(rF?
Fr=2Z — (r 7% , (2.6)
r| d¢ or
A 1 F* 1 oF'
o L[CFD) 1 9F T (2.7)
r ar CoS¢ A
- 1 aF?  3(F*cos
Fr = - ( 9) ) (2.8)
rcose [ da ¢
The material derivative DF /Dt of a scalar field F (A, ¢, r) is then, from (1.5),
DF 9F u* dF u?dF oF
_ (2.9)

Dt 9t rcosgan 1 ag  Var
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The three components of the acceleration Du/Dt, the material derivative of the vector
velocity, in the momentum equation (1.16) are

Du* au vw  utu®
= — +4+u-Vur+ — — tan ¢, 2.10
Dt ot + + r ¢ ( )

Du?  au? uw  (Uh)?

- = 4u-Vu+— tan ¢, 2.11
Dt ot + + r + r ¢ ( )
D 9 u*)? 4 (u®)?
—D’:’za—’eru-Vw——( )Jrr( . 2.12)

The corresponding components of the Coriolis force 2 x u in the momentum equa-
tion (1.16) are

2Q x U =2Q (wcos¢p — u’sing, u*sing, —u* cos ). (2.13)
It is useful to make the transformation
Z=1r — R+ 2z, (2.14)

where Re is the radius of the Earth and zy is chosen so that z = 0 at a convenient
radius near mean sea level. A representative value of R is the volumetric mean radius
Re = 6371 km. Because

max({|z|, ||} D -3
—r —x 1077 « 1, 2.15
Re R (2.15)

an adequate approximation to this transformation may be made by replacing r with
Re and a/dr with 3/0z in (2.3)-(2.12), before differentiating with respect to r. The
resulting neglect of terms of the form F /R, relative to terms of the form aF /dz, in
(2.4), (2.6), and (2.7) is consistent, provided that F and the variation of F over the
ocean depth are of comparable magnitude. Thus, for example, the divergence (2.4)
and material derivative (2.9) may be approximated respectively by,

1 9F* 1 9(F?cos oF"
V.F— i (7 cosg) | (2.16)
Recos¢ oA Re cos ¢ 0 0z
and
DF 0F u* 9F u?o9F oF
= — (2.17)

Dt~ 9t | Rocosg an  Rede | Vaz

2.3 TheHydrostatic Approximation
Large-Scale Vertical Momentum Balance

The fundamental approximation for large-scale ocean motion is the hydrostatic
approximation, in which the vertical momentum equation is treated as if the fluid
were at rest, resulting in a quasi-static balance between the vertical component of
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the pressure gradient and the effective gravitational force. This, and the succeeding
approximations, can be systematically motivated by estimating a priori the relative
magnitudes of individual terms in (1.15)—(1.19), using the scales in (2.1).

To the accuracy required here, the potential &g is given by

®y(2) =9z, (2.18)

where zis the local vertical coordinate defined in (2.14). For internal density variations
of order Ap in(2.1), the corresponding force per unit volume in the vertical momentum
equation has the magnitude

|Ap gl ~ 10 Nm=3. (2.19)

In a similar way, the acceleration p Dw/Dt may be estimated from (2.1) as

Dw W UW W2
— |~ ppl—, —, — ! ~2x 10 Nm=3. 2.20
',0 Dt Po {tadv L D } ) ( )
Thus the ratio of these two terms is
Dw/Dt U2 D2
pBw/Bt 0 U"D° 10«1, 2.21)
Apg Ap gD L2

This ratio is exceedingly small. Indeed, it is smaller than the relativistic corrections to
the mass density in the gravitational force term, which (based on the Earth’s orbital
velocity) would be of order Uéarth/cﬁght = 1078, Thus it is well justified to neglect the
term Dw/Dt in (1.16). Note the appearance in (2.21) of the squares of the Froude
number Fr = U /(gD)/? and aspect ratio 6, = D/L.

A corresponding estimate for the vertical component of the Coriolis force is

|p02Q2u* cos | ~ 1.5 x 107 N m~3. (2.22)
Thus the ratio of this term to the gravitational force is

2Qu* cos uQ
’—“5 ~ 27 105« (2.23)
Apg Ap g
and the Coriolis term may likewise be neglected, though with a lesser degree of
certainty than the acceleration Dw/Dt.
The vertical component of the stress divergence V - d in (1.16) may be estimated

as

w
V2| ~ “D—Z ~4x 1078 Nm2, (2.24)

and the resulting ratio of this term to the gravitational force is

1071 « 1. (2.25)

uVaw _ Po v Uzwpo v DZUZN
Apg | ApULgD ApWD L2gD
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This ratio, too, is exceedingly small, and the viscous term may also be neglected. Note
the appearance in (2.25) of the inverses of the Reynolds numbers Re, = UL /v and
Re, = WD /v, based, respectively, on the horizontal and vertical velocity and length
scales. Here v = u/p = 1.3 x 1078 m? s~ is the kinematic viscosity.

It follows from these considerations that to a high degree of accuracy, the vertical
momentum equation for large-scale ocean circulation may be replaced by the condition
of hydrostatic balance:

ap ddg
97 _'OW = —0p. (2.26)

The appearance of several dimensionless parameters has been noted in the estimates

leading to (2.26). For the scales, these parameters have the following values:

sa =D/L = aspect ratio =1x10"3

Fr =U/(gD)¥? = Froude number =5 x 107° (2.27)
Ren=UL/v = Reynolds number = 4 x 10° '
Re, = WD/v = Reynolds number = 4 x 103

It is remarkable that despite the large Reynolds numbers, the vertical momentum
equation is well approximated by a condition of static balance. This is one measure
of the extent to which the basic physical character of the large-scale ocean circulation
differs from that of the fluid flows of our everyday experience.

Pressure Effect on Density

The increase in density with depth caused by compression of seawater under hydro-
static pressure accounts for the largest changes in large-scale density over most of
the ocean (Figure 2.1). A useful approximate solution of (2.26) may be computed by
replacing the exact equation of state (1.19) by an approximate, linearized form:

p=R(P)=po[L+T,(p— po)], (2.28)

with constant compressibility I', = (1/p0)dp/0p = (1/p0)d7€/dp and no depen-
dence on T or S. For seawater, a representative value of the compressibility is
I', =5 x 1071% Pa~L. The corresponding solution of (2.28) with p(z = 0) = py is
then

P(2) = po+ ', " [exp (—gpoT'p2) — 1], (2.29)
or
P(2) ~ po — Gpoz, (2.30)

where (2.30) follows because the ocean depth scale D is much less than the com-
pressibility scale depth 1/(goeol’,) ~ 2 x 10° m for seawater. The corresponding
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density profile is

0(2) = poexp (—gpol,2) ~ po(1 — gpol',2), (2.31)

with the approximate equality again following from gooI'’, D < 1. A similar, more
accurate approximate solution can be obtained by including pressure dependence
of the compressibility I",. Alternatively, a mean density profile p(z) = pm(2) that
includes both the compressibility effect and any systematic variations of T and S
with depth may be defined directly from observations and the corresponding mean
pressure profile obtained from the integral of (2.26):

B(2) = po— g /0 A(2)dz. (2.32)

In either case, because the hydrostatic equation (2.26) is linear, the deviations p’
and p ' of pressure and density, respectively, from the approximate functions p(z) and
0(2) satisify the same hydrostatic balance:

ap’

0z
Also, because p depends only on z, it follows that Vi, p = 0, where V, is the horizontal
gradient operator, and therefore that the horizontal pressure gradients of pand p’ are
equal:

= —0p /’ p/(X, t) = p(X, t) - F_)(Z)’ Y /(X’ t) = p(X, t) - 15(2) (233)

Vhp = Vhp' (2.34)

Thus the variations in density due solely to pressure compression have no direct effect
on the horizontal momentum balance, which is influenced only by p" and p’.

Over most of the ocean, the corresponding range of variation of the dynamical
density deviation o’ is of order Ap = 1 kg m~2, an order of magnitude less than that
of the density itself (Figure 2.1). This is the reason for the use of Ap in place of the
larger in situ density-difference scale Apg in the scaling estimates in this section. An
associated a priori scale estimate,

D
Ap' =gAp 77 10 Nm=2, (2.35)

for the variations in pressure p’ associated with the density changes Ap over the upper
quarter of the water column, where the largest density variations are generally found
(Figure 2.1), can be computed from (2.33). The corresponding equivalent dynamic
difference A¢ in sea level is

AL = ~1lm. (2.36)
doo

Note that the full pressure p must always be considered in the thermodynamic equation
(1.18) and the equation of state (1.19).




22 Reduced Equations for Large-Scale Motion

2.4 TheBoussinesg Approximation
I ncompressibility
If the scales (2.1) are used to estimate the terms in the mass conservation equation
(1.15), the ratio between the material derivative of density and any individual term
in the product of the density and the velocity divergence proves to be proportional to
the ratio §, of the maximum in situ density variation to the characteristic density. For
example, for the vertical divergence term p(dw/92),

Dp/Dt Apo {1/taqv, U/L A
‘ o/ ~ B00 (1/tav, U/L} po:(sp’ (2:37)

p(dw/32) £0 W/D 00
and the same is true for each of the horizontal divergence terms because these are
estimated by poU/L = poW/D. Direct observations show that over most of the
ocean, a maximum value of the fractional density difference is §, ~ 3 x 1072 « 1
(Figure 2.1). Thus Equation (1.15) can be approximated by the condition of
incompressibility

V~u=Vh-uh+a—w=0, (2.38)
0z
where uy, is the horizontal vector velocity.

Because the largest systematic, large-scale density variations over most of the
ocean are those caused by compression in response to hydrostatic pressure variations
(Figure 2.1), the incompressibility approximation (2.38) may also be motivated by
considering the ratio D/(gpol",)~* of the ocean depth scale D to the density scale
depth associated with the compressibility of seawater. The approximate hydrostatic
solution (2.31) for the density shows that

8, = gpol', D « 1. (2.39)

However, the Boussinesq approximation (2.38) to the mass conservation equation does
not depend on the hydrostatic approximation but instead only on the more general
condition §, < 1.

When the hydrostatic approximation is made, the evolution equation for w is
removed. The incompressibility condition (2.38) then appears as a diagnostic relation
for w: from (2.38), w can be determined from uy at each t simply by integrating
(2.38) vertically, given a suitable boundary condition. It is important to recognize
also that Equation (2.38) does not imply that Dp/Dt = 0 as the equality (2.38) is
only a statement that the divergence of the velocity field is negligible relative to the
individual terms in the velocity divergence sum. The equation for the material rate of
change of density must instead be obtained from the thermodynamic energy balance
and the equation of state.
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Inertial Mass Density

The a priori estimate 6, < 1 implies also that in the inertial terms of the horizontal
components of the momentum balance (1.16), the mass density p may be replaced by
the reference density py because

0

Lo

P — Po
Lo

:‘14_ ~1+68,~ 1 (2.40)

With this approximation, the horizontal components of the momentum equations
(1.16) become

£o [% + 2(2 x u)h] = —Vhp—(V-d). (2.41)
Here 2( x u);, isthe horizontal component of the Coriolis force. The full density p, or
the deviations of p from pg, is retained in the gravitational force term in the hydrostatic
balance (2.26); replacing p by pg in that term leads only to a simple, horizontally uni-
form, hydrostatic solution of the form (2.29), with no lateral pressure gradients and no
motion.

This Boussinesq approximation to the inertia does not depend on the hydrostatic
approximation. In the nonhydrostatic case, the same approximation p ~ po may be
made in the inertial terms of the full vertical momentum equation, while again retain-
ing density variations in the gravitational force term. In general, the Boussinesq
approximation to momentum equations consists of replacing the density by a constant
in the inertial terms but not in the gravitational force term.

Thermodynamic Energy

Entropy and Pressure Heating
Let n(p, T, S) be the specific entropy of seawater. Then (1.18) may be written as

Dn Dé D /1 ~
T | == — (=)= 2.42
! [Dt Ty (p)] 5. (2.42)
where Q. represents the sum of the diabatic terms divided by the density p. The
material derivative of » may be expanded to yield

D 9 D 9 DT 9 DS
Sn_omy 2Ry omy 20 o 22 (2.43)
Dt = ap|rs Dt T|,g Dt = 8S|,; Dt
With the Maxwell relation
0 0 1 1 0
an -2 (_) =52 (2.44)
Plrs AT \p/lps P 9T lps
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and the definitions

9 (1 19
wr=p L <_> _ 1w (2.45)
oT \ p b.S p oT 0.S
an
Co=T 2.46
P AT |,s (246)

of the thermal expansion coefficient o, and specific heat at constant pressure Cy,
along with the previous neglect of the chemical potential term, the material rate of
change of thermodynamic energy per unit mass in (2.42) can be rewritten as
Dy _¢ DT _orTDp 24
Dt Dt p Dt
Note that except for the neglect of the chemical potential, Equation (2.47) contains
no approximations.

The first term on the right-hand side of (2.47) is the rate of change following the
motion of the heat content per unit mass, while the second form describes the heating
that results from pressure changes following the motion. The ratio of these two terms
expresses the relative importance of the pressure effect on temperature and may be
estimated from the scales (2.1) and (2.35):

(arT/p) Dp/Dt| arTopegD _ To garD  To
CpDT/Dt pCp AT — AT C, AT

x 1073, (2.48)

where the representative values et = 1 x 107 K™t and Cp, = 4.2 x 10* Jkg~t K1
have been used. Thus the magnitude of this ratio depends on the value of AT, for
which (2.1) offer two choices.

Large Thermal Variations
For theories that focus on the upper thermocline circulation, for which the estimate
AT = ATy = 10K in (2.1) is appropriate, the ratio (2.48) is

To

x 1073 ~ 3 x 1072, (2.49)

In this case, it is adequate to make the coarsest approximation to (2.47),

Dn DT
T =-C,— 2.
Dt " Dt’ (2:50)
resulting in the simplified thermodynamic energy equation
DT Q
_ Qe (2.52)

Dt C,
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In this version of the Boussinesq approximation, the pressure effect on temperature
is neglected, and the temperature variable is the in situ temperature T, which is
conserved following the motion in the absence of diabatic effects. The neglect of
the pressure effect on temperature is an additional approximation, supplementing the
approximations to the mass conservation and horizontal momentum equations (2.38)
and (2.41).

2.5 Pressure-Corrected Temperatures and Densities
Potential Temperature

For theories that treat the deep circulation, for which the estimate AT = ATy =
1 K in (2.1) is appropriate, the ratio (2.48) is less than unity but not negligible, and
the pressure effect on temperature cannot be disregarded. In this case, it would be
natural to use the entropy n as an independent thermodynamic variable, in place of
the temperature T. Then the thermodynamic energy equation becomes

Dn Qe
it 2.52
Dt T (252)
and the equation of state (1.19) must be written in terms of n, according to
p=R(p.n, 9 =RIp, T(p.n,9), S, (2.53)

and similarly for all other thermodynamic quantities.

Although it is possible to work directly with the entropy » and (2.52), it is tradi-
tional to define and use instead a pressure-compensated pseudotemperature variable,
the potential temperature, which has an heuristic similarity with and more immediate
physical connection to the familiar in situ temperature. For a fluid parcel at pres-
sure p with temperature T and salinity S, consider the adiabatic, salinity-conserving
displacement of the parcel to a reference pressure p,. Because the displacement is
adiabatic, the entropy n does not change, and by the thermodynamic identity (2.47),
the imagined displacement must satisfy the differential relation

dr = 977

= — 2.54
o (254)

at every point along the displacement path. For the general seawater equation of state
(1.19), e, p, and Cp are empirically known functions of p, T and S. Because n and
Sare constant along the path, (2.54) may be integrated directly to obtain the potential
temperature 6, where

(2.55)

P G, S dq}

r o R 9Cp(din 9
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Here &t and C are the equivalents of ot and C,, defined following (2.53), and
the order of the arguments indicates that n and S appear in the integrand only as

parameters.
Direct calculation shows that
e, T a1 T
W _ (T _arT)o (2.56)
ap Ip  RC, T

because the partial derivative T /9 p may be identified with the differential in (2.54), in
which n and Sappear as constant parameters. Thus, by construction, 6 is independent
of p. For a given choice of reference pressure pr, the potential temperature 6 so
constructed depends only on the entropy » and salinity S; the reversible effect of
pressure on temperature has been removed. Each distinct choice of reference pressure
pr gives a distinct variety of potential temperature. The standard oceanographic
potential temperature 6 is defined with p, = pa ~ 0, where p, ~ 10° Pa <« pogD
represents atmospheric surface pressure.
For fixed py, the material rate of change of potential temperature is

D6 99Dn 99DS 30 Qe 80, _,

Dt Eﬁ + 3SDL 5? + a—SkSV S (2.57)
Thus the potential temperature 6(n, S; pr) is materially conserved in the absence of
diabatic and molecular diffusive effects. Note that Equation (2.55) for the potential
temperature is a definition that is exact to the accuracy of the empirical equation of
state. Equation (2.57) may be rewritten as a thermodynamic energy equation:

Dp ., (D6 86DS ~
T—=Cl=— - —==—) =0, 2.58
Dt p(Dt 88Dt) Qe (2.58)
where
3
ct =1 (2.59)
P 30 |5,

is a specific heat for the potential temperature. To close the thermodynamic equations
in terms of 6, the equation of state (1.19) and other thermodynamic quantities must
be rewritten as functions of 6, now also with parametric dependence on the particular
choice of reference pressure py, following

p=R(P,0,S p)=Rip, T[p, 76, S pr), SI, S, (2.60)

where n(6, S; pr) is obtained by inverting (2.55) for n at each Sand p.

For seawater, the equation of state R(p, T, S) is typically given as a high-order
polynomial fit to measured data, and the potential temperature function 6(»n, S; pr)
does not have a simple form. However, the density o and specific heat C, depend only
weakly on pressure. Although the dependence of the thermal expansion coefficient
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aT on pressure is not weak, a useful first approximation to the potential temperature
can be obtained by setting p, Cp, and o7 to representative, constant values, which
yields

Pr—0D Z— 7
0(n, S ~ T ex ~ T ex , 2.61
(. S ) p(ﬂogDe) p( Do ) (201)
where
Cp 6
Dg=—=4x10°m (2.62)
gor

is a potential-temperature scale depth. In (2.61), the approximate solution (2.29) has
been used to convert pressure dependence to depth dependence. This hydrostatic form
could be arrived at more directly by using (2.29) in (2.47) or (2.54), but the general
form (2.55) does not depend on the hydrostatic approximation.

Because D/Dy &~ 1073 « 1, the potential temperature (2.61) may be further
approximated:

. ~ Pr—PY _ Z— 4

0, Sp)~T <1+ pong) T (l—i- D, ) (2.63)
In the ocean, the difference between the potential temperature (with p, = z = 0)
and the in situ temperature of a given water parcel is generally no more than 0.5 K
(Figure 2.2); note that this is essentially the same estimate made in (2.48). Thus the
pressure effect on temperature is much smaller, relative to general oceanic thermal
variations, than is the pressure effect on density relative to general oceanic density
variations.

Oceanic values of the thermal expansion coefficient ot range from less than 0.25 x
10~* K~ to more than 3.5 x 10~* K~1, with the larger values occurring for larger
pressures and temperatures. A more accurate approximation than (2.61) may be
obtained by letting ot ~ g + o1 p SO that

.S )~ Ten{ S |we-2) - qmam(@-2)]|. @8y
or ) )
0. S p)~T {1 + c%, ag(z—z) — %alg,oo (Z-2)|¢. (2.65)
with the constants o and «; chosen as, for example,
o ~ [0.52 + 0.12(T — 273.15)] x 1074 K! (2.66)
ap ~0.23 x 10711 K1 pa?t (2.67)

for T < 283 Kand S~ 35 (Figure 2.2). This approximation includes the effect on 6
of the increase of a1 with pressure or depth and with temperature.
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Figure 2.2. Profiles of exact (thin solid lines), approximate linear (crosses and dashed
line; Equation (2.63)), and quadratic (circles and dotted line; Equation (2.64)) poten-
tial temperature 6 (°C) vs. depth (m) for in situ T = {0, 2, 5, 10}°C (thick solid
line).

Gravitational Stability and Buoyancy Frequency

Consider a horizontally uniform fluid at rest, with vertical profiles6 = ©(z), S = S(2),
o = p(2), and p = p(z) of potential temperature, salinity, density, and hydrostatic
pressure, respectively. That is, p(z) is the solution of dp/dz = —gp(2) with p(0) =
Pa, Where o(2) = R[P(2), ©(2), S(2)]. Suppose that a fluid parcel is displaced ver-
tically by a distance Az to the level z; and that the displacement is adiabatic and
nondiffusive so that the parcel’s potential temperature and salinity are unchanged. Let
Ap1 be the difference between the density of the displaced parcel and the density p1
of the ambient fluid:

Ap1 = R[P(z), O(z — AZ), S(z1 — AZ)] — pu, (2.68)

where p1 = p(z1) = R[p(z1), O(z1), S(z1)]. Because the resulting perturbation to the
pressure field will be small, of order Ap; / po, the buoyant force on the displaced parcel
at z; will be proportional to Ap;. If Az is sufficiently small, the density difference
may be approximated as

de

ds
i ,BSE> Az, (2.69)

ApL &~ p1 <Ot
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where
1dp
ap=— =L (2.70)
p 0|, s
is the thermal expansion coefficient with respect to potential temperature and
1dp
Bs= —— (2.71)
P IS

is a haline contraction coefficient. Thus, if «p(d®/dz) — Bs(dS/dz) > 0, the density
of an upward-displaced parcel will be greater than that of the ambient fluid, and the
parcel will feel a downward buoyant force. In this case, the fluid is stably stratified
because small perturbations to the profile are resisted. If oy (d®/dz) — B5(dS/dz) <
0, the density of an upward-displaced parcel will be less than that of the ambient fluid,
and the parcel will feel an upward buoyant force. In this case, the fluid is convectively
unstable because small perturbations to the profile are accelerated. Because 6 ~ T, the
potential-temperature thermal expansion coefficient ay ~ a1, while oceanic values
of Bs are generally within 10 percent of 0.8 x 1073,

For the displaced parcel, the associated nonhydrostatic, linear vertical momentum
balance is

Jw
P ~ —gAp;. (2.72)

With p ~ p; and w ~ d(Az)/dt, this gives a differential equation for the parcel
displacement of:

d2
ﬁ AZ == —NZAZ, (273)
where
de dS\ 12
N = |:g (%E - 'BSE)] (2.74)

is the the buoyancy frequency. If N2 > 0, Equation (2.73) gives oscillatory solutions
for the displacement Az, with frequency equal to N. The value of N, or of N2, is thus
a natural measure of the strength of the vertical stratification. If N2 is to be computed
from the vertical derivative of the density, rather than from the potential temperature
and salinity distributions, the pressure effect on density must be removed:

de ds 1dp dp
g(a@ dz ﬁsdz) g(p dz pdz)’ (2.75)
where the adiabatic compressibility coefficient I',, is
1ap 1ap
F(p.6,9 ==L =222 | (2.76)
IO 8p 0,S p 8p 7],5
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Because dp/dz = —gp, the buoyancy frequency may also be written as

2 1dp 9
N = —dg (;E + C_§> s (2.77)
where the parameter ¢s = (o I',)~Y/? has dimensions of velocity (see Exercise 2.3).

A more rigorous treatment of these buoyancy oscillations requires consideration
of the nonhydrostatic Boussinesq equations, linearized about a hydrostatic state of
rest, with notation as in (2.33) and with the Coriolis terms neglected for motions of
frequency much larger than :

oun , ow op’

M _ gy W P vu—o, 2.78
er P s 0y 9 (2.78)

with
. D6 DS

= 0 / = / 9 —_— = O, —_— =
p=p2)+p =R[p(2+p.0, 9, o Dt

for adiabatic motions. Then the linearized, adiabatic material rate of change of density
is

0 (279

Do 9o d ~ _
Dt~ ot + wd_zR[p(Z)’ 0(2), S(2)] (2.80)
or, also,
Dp 9RDp  9RD6 9RDS __ dp

_ IR IRDY Ok DS_ o 4P 281
Dt _ op Dt ' 96 Dt ' asDt 7 *dz" (281)

where the last equality follows because |dp’/dt|/|w(dp/dz)| ~ (D/p)dp/dz ~
Ap/po < 1. It follows that the local rate of change of density is given by

o b
0 _ PNy, (2.82)
g

where N? is given by (2.75) and is assumed here to be constant. Eliminating up, p,
and p’ in favor of w then yields the linear internal wave equation:

* 22

In Cartesian coordinates, this equation has solutions of the form

w = wo eXp[—i(kx + 1y + mz — w,wt)], (2.84)
with dispersion relation

) k? 412 )

W= e 2 e (2.85)
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The maximum frequency of these oscillations, approached for k? 4+ 12 > m?, is the
buoyancy frequency N.

Potential Density

By analogy with the potential temperature, a potential density, ps, may be defined as
the density that a fluid parcel would have if it were moved to a reference pressure
pr adiabatically, with no change in salinity. Equivalently, the potential density is
the density computed from the equation of state at the reference pressure, using the
potential temperature that is defined with respect to the same reference pressure:

ps(n, S; pr) = RIpe, 6(n, S, pr), SI. (2.86)

Like potential temperature, the potential density is materially conserved in adiabatic,
nondiffusive flow because

Dps  9R DO N IR DS
Dt 90 Dt 9S Dt
for a fixed choice of reference pressure p;.

For given vertical profiles & = ©(z) and S= S(2) of potential temperature and
salinity, the vertical derivative of potential density is

(2.87)

2 (aem o el aa—‘i) . (2.89)
Because the expansion coefficient oy and contraction coefficient s in (2.88) are eval-
uated at the reference pressure p; rather than at the local pressure or vertical level,
as in (2.74), the expressions in parentheses in (2.88) and (2.74) are equal only at
the level of the reference pressure p;. Thus the vertical gradient of potential density
can only be used to compute the buoyancy frequency at the reference pressure py.
Far from py, the vertical gradient of potential density can even differ from N? in
sign and does not determine local stability. For this and other related reasons, the
potential density is of limited theoretical use. A standard set of distinct potential
density varieties with different reference pressures are frequently used in the anal-
ysis and presentation of ocean data so that a reference pressure near the pressures
of interest for a particular analysis can be chosen. These potential densities are typi-
cally reported as dimensionless quantities oy = ps — 1000, for values of py in units
of kgm=3,

2.6 Inviscid, Nondiffusive, Adiabatic Flow

It can be anticipated from the large Reynolds numbers in (2.27) that for large-scale
ocean circulation, the viscous terms associated with molecular diffusion of momentum
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may be neglected in the horizontal as well as vertical momentum balance. Although
the inertial terms turn out not to be the largest terms in these balances, it is adequate
for this purpose to compare the viscous terms to the inertial terms in the horizontal
components of (1.16). This ratio yields the Reynolds nhumber Re, from (2.27):

©wV2up
pu - Vuy

_ mUmax{1/D? 1/L2} v

~ A = =2x107%« 1. (2.89
wU(U/LLW/D] WD Re, 2X10 <1 (289

Thus the viscous terms V - d in the horizontal components of (1.16) may also be
neglected.

The terms describing molecular diffusion of heat and salt in the thermodynamic
energy and salinity equations may be estimated in a similar manner. For salinity
(1.17),

1
~ = =3x10"«1, 2.90
WAS/D WD _Peg o < (2:90)

~

ksVZS| ksAS/D? ks
u-vs

where Pes is a haline Peclét number. For thermodynamic energy (1.13),

kr V2T
pu-Vé

kr AT /D? 1
~ _KTAT/ ~ T 2 _3x10%«1, (2.91)
poCoWAT/D ~ WD  Per

~

where k1 = K1 /(0Cp) = 1.4 x 10=" m? s~ is the thermal diffusivity and Per is a
thermal Peclét number. For the thermodynamic equation, the relative magnitude of
the dissipative heating x may also be estimated, giving

_1wU%/D? _ 10wUL

~ ~ =5x107"° « 1, 2.92
C,WAT/D C,D?AT < (2.92)

X
pu-Veé

where the smaller value AT = ATy from the scales given in Section 2.1 has been
used.

Thus, for large-scale ocean motions with the scales given by in Section 2.1, the
viscous, diffusive, and diabatic terms may be neglected; these are (V - d), in (2.41),
ksV2Sin (1.17)and (2.57), and Qe in (2.51) and (2.57). The additional approximation
Qe = 0in (1.18) is thereby also made, which is appropriate away from a surface layer
of order 50 m depth, over which solar radiative heating is distributed. The resulting
absence of any sources of heating on the right-hand sides of (2.51) and (2.57) indicates
that the flow is adiabatic: heat content per unit mass is conserved following the motion.

In the momentum, salinity, and thermodynamic equations, the neglect of the molec-
ular diffusion terms means a reduction in the spatial derivative order of the equations.
This, in turn, means a reduction in the number of spatial boundary conditions that
can be imposed on the equations. In standard inviscid flow theory, for example, the
condition of no flow at a rigid boundary must generally be relaxed to the less restric-
tive condition of no normal flow at the boundary, for which the tangential flow is
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unconstrained. The important issue of boundary conditions for reduced equations will
reappear in several subsequent contexts.

2.7 ThePrimitive Equationsfor the Ocean

In the horizontal momentum equations (2.41), the ratio of the two Coriolis terms in
the zonal momentum equation is

po28w COS¢| COS¢
0029 U® sing dsing

(2.93)

Because the aspect ratio §; < 1, the term in w may be neglected away from the
equator, where ¢ = 0. Near the equator, this term may be compared to the pressure
term using (2.35) and the horizontal scale L to estimate the horizontal pressure
gradient:

~1x107°. (2.94)

P02Q2w COSP| ‘ 002Q2W
Vhp ApgD/L

This motivates the neglect of the Coriolis term in w also at the equator. Note, however,
that an estimate, using the scales (2.1) and (2.35), of the ratio of the remaining term
po(0U*/at) at the equator to the pressure gradient would similarly be small. This is a
warning that the equatorial region has a special character and that its representation
in large-scale circulation theory may require special attention, including the use of
boundary layer methods.

With the neglect of the Coriolis term in w and the viscous terms, the Boussinesq
horizontal momentum equations (2.41) become

%+2szsin¢k X Up = —thp, (2.95)
Dt 00

where k is the local vertical unit vector. Here, and elsewhere below, the notation
k x vp with a two-dimensional vector v, = (v, vp) should be interpreted as k x vy, =
(—v2, v1). Equations (2.95), together with the hydrostatic equation (2.26),

ap
— = —qgp; 2.96
5, = 9 (2.96)
the Boussinesg mass conservation equation (2.38),
Jw
Vh-Up+ —=0; 2.97
h - Un + 37 (2.97)
the salinity conservation equation (1.17) with diffusion neglected,
DS
=0 (2.98)

bt
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and one of the two pairs of adiabatic thermodynamic energy equations and equations
of state, either (2.51) and (1.19),

DT
— =0, p=R(p,T,9), (2.99)
Dt
or (2.57) and (2.60),
Do ~
oL = 0, p=R(p,0O,S p), (2.100)

form the hydrostatic, Boussinesq primitive equations for ocean circulation.

2.8 Thermohaline Planetary Geostrophic Equations

For the broad, slow, large-scale ocean flows characterized by the scales of Section 2.1,
the inertial term in the horizontal momentum equations is dominated by the Coriolis
force:

‘ Dup/Dt | U{l/tagy,U/L} U

~ -6
2Qup sing|  2QU sing _2S2Lsin¢_6w1><10 ’ (2.101)
where it is assumed that sin¢g is of order unity. The dimensionless ratio ¢ =
U/(222L sin¢g) is the Rossby number. Thus, away from the equator, the Rossby
number for large-scale ocean flows is very small, and the material derivative of the
velocity may be neglected in the horizontal momentum equations.

This results in a general form of the thermohaline planetary geostrophic equations
for large-scale ocean circulation:

1
fk x upy = ——Vhp, (2.102)
L0
ap
- — _qp, 2.103
o7 go ( )
ow
Vh - — =0 2.104
h - Un+ 57 ) ( )
DS
—= =0 2.105
= = 0. (2.105)
and either
DT
Sr=0 P=R(P.T.9 (2.106)
or
D6 ~
— =0, p=R(Pp,O,S p) (2.107)

Dt
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In (2.102), the Coriolis parameter, or planetary vorticity, f has been defined:
f =2Qsing. (2.108)

The parameter f is a function of latitude ¢ due to the meridional variation of the
local vertical component of the Earth’s rotation vector. The equality of the Coriolis
and pressure gradient terms in the horizontal momentum equation (2.102) is the
geostrophic balance. The geostrophic and hydrostatic balance conditions (2.102) and
(2.103) are the basic dynamical approximations for large-scale motion.

These planetary geostrophic equations are thermohaline in that they include inde-
pendent evolution equations for temperature and salinity and a full equation of state.
In the planetary geostrophic dynamics, the temporal evolution of the ocean state is
controlled by the advection of temperature, or potential temperature, and salinity by
the three-dimensional velocity field. The resulting mass and pressure fields are related
diagnostically to the temperature and salinity fields by the equation of state and the
hydrostatic relation plus a boundary condition on the pressure. The horizontal velocity
is related diagnostically to the pressure gradient through the geostrophic balance, and
the vertical velocity is related diagnostically to the horizontal velocity through the
mass conservation equation plus a boundary condition on the vertical velocity.

If a vertical derivative of the geostrophic balance equations is taken, and the hydro-
static balance is substituted, the result is the thermal wind balance:

au ou
fkx S0 _9G, or 2o 9 kv (2.109)
0Z £0 0z 00 f
Thus, for a fluid in geostrophic balance, there will be geostrophic motion whenever
there are lateral density gradients. If the geostrophic velocity is known at some level
z1, the thermal wind equations may be integrated vertically to obtain the geostrophic

velocity at any depth z, from knowledge only of the mass field:
z
Un(2) = un(z1) — i/ K x Vi dZ. (2.110)
/OO f Z;

By (2.33), vertically varying but horizontally uniform pressure or density fields have
no effect on the geostrophic or thermal wind balances, and only the deviations from
such horizontally uniform fields need be considered when computing the geostrophic
velocity. Note here that as in the case of the buoyancy frequency, the potential density,
again, cannot be used to compute the needed density gradients in (2.109), or (2.110),
except at the potential-density reference level itself, at which the potential density is
exactly equal to the in situ density.

The thermohaline planetary geostrophic equations (2.102)—(2.107) are a deduc-
tive set of equations that must be approximately satisfied by large-scale ocean
flows with characteristic scales (2.1). As such, they provide a relatively reliable
and well-motivated starting point for theories of the large-scale ocean circulation.
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Because the characteristic scales were specified a priori, however, the resulting solu-
tions may in principle violate the original scaling, and the consistency of the approx-
imations may only be formally demonstrated a posteriori. Many differentiated terms
were ultimately neglected in the derivation, and thus these simplified equations are
also degenerate in the sense that regular solutions may be expected to exist at most
for only certain special sets of boundary conditions. It must also be emphasized that
the derivation has followed a filtering rather than an averaging approach: no account
has been taken of the possibility that nonlinearities in the original equations may lead
to integrated effects on the large-scale flow from correlated, fluctuating, smaller-scale
or higher-frequency motions. Instead, only the balances explicitly appropriate for the
intrinsic dynamics of the large-scale flow, as characterized by the specified scales in
Section 2.1, are represented. With these numerous complications, it is clear that mean-
ingful progress requires careful attention to the physical context in which solutions of
these simplified equations are sought.

2.9 Notes

Spherical polar coordinate expressions for the rate-of-strain tensor {&;} in (1.11),
along with derivations of (2.3)-(2.12), are given by Batchelor (1967). Gill (1982)
provides a useful discussion of thermodynamic equations and approximations. Basic
forms of the planetary geostrophic equations were first derived independently by
Robinson and Stommel (1959) and Welander (1959), with a similar scaling for atmo-
spheric motions having been explored, also independently, by Burger (1958). The
terminology planetary geostrophic equations was introduced by de \erdiére (1988).
Systematic developments of these equations as large-scale approximations are given
also in the texts by Pedlosky (1987) and Vallis (2006). General mathematical prop-
erties, such as existence, uniqueness, and regularity, of solutions of models based on
the planetary geostrophic equations have been analyzed, for example, by Samelson
et al. (2000) and Cao et al. (2004). Pedlosky (1996) gives an example of an equatorial
boundary layer theory for the large-scale circulation.
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Planetary Geostrophic Vorticity Dynamics

3.1 Vorticity Balance

A planetary geostrophic equation for the vertical component of vorticity may be
obtained by cross-differentiating the horizontal momentum equations (2.102), fol-

lowing (2.8):
R *sing 4+ 9P
0= 059 [8)\ (ZQU sing + o 8¢>

— % <—2§2 u? sing cos¢ + /)o%e%)}

2K sin au*  d(u? cos 29 cos
(0] ( ( d))) n ¢>U¢.

(3.1)

- Re Cc0S ¢ A 0 Re

Using (2.104) and (2.108), (3.1) may be written as

Jw
,Bu‘P = fE’ 3.2)

where
5 1df 2Qcos¢
Re d¢ Re
is the meridional gradient of the Coriolis parameter f. Note that here, 8 is a function
of latitude ¢.

Equation (3.2) is the Sverdrup vorticity relation. It is a diagnostic equation that
relates the meridional velocity u? to the vertical divergence dw/dz at each point
in the domain and at each instant in time. Its physical meaning is that the change
in vorticity arising from the stretching of vertical vorticity lines f by the vertical
divergence dw/dz and the change in vorticity induced by meridional motion u? in
the gradient $ of the vertical vorticity field f must balance exactly at each point. This
quasi-steady balance of two terms is an extremely restrictive form of the general fluid

3.3)

37
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vorticity equation and places strong constraints on the planetary geostrophic motion
field.

From a deductive point of view, the vorticity balance (3.2) follows from the basic
assumption that the large-scale flow is characterized by the a priori scale estimates
(2.1); that is, if such a flow exists, then it must satisfy (3.2). This result can also
be established directly from a more general vorticity equation, such as that derived
from cross-differentiation of the primitive-equation horizontal momentum equations
(2.95), by using the scales (2.1) to estimate the relative magnitudes of individual
terms, as in the derivation of the planetary geostrophic equations (2.102)—(2.107)
from the general fluid equations (1.15)—(1.19).

A useful heuristic interpretation of (3.2) can be constructed by recognizing that
the general vorticity equation is essentially a statement of conservation of angular
momentum and by idealizing the large-scale ocean circulation characterized by (2.1) as
a laterally broad and vertically thin disk of fixed volume. The disk, with characteristic
diameter L and height D, is nearly at rest with respect to the Earth and so has angular
momentum proportional to the local vertical component of the Earth’s angular velocity.
As the disk is stretched vertically by a vertical divergence dw/dz, the radius of the
disk must change proportionally to conserve volume. The corresponding change in the
moment of inertia might be expected to result, as a consequence of angular momentum
conservation by the disk, in an altered rate of rotation of the disk relative to the Earth.
However, because of the large horizontal scale L of the motion, the induced azimuthal
velocity at the outer portions of the disk would quickly become much larger than the
a priori velocity scale U. Such a response is thus inconsistent with the given scale
estimates (2.1). If, instead, the disk moves meridionally in such a way that its absolute
angular velocity remains equal to the magnitude of the local vertical component of
the Earth’s rotation vector, it can conserve angular momentum without developing
velocities relative to the Earth that are larger than U. According to the deductive
equation (3.2), this balance of meridional motion and vertical divergence, calibrated
through the ratio f/B, turns out to be the only vorticity balance consistent with the
characteristic scales of the large-scale ocean circulation.

3.2 The B-Plane

Near a fixed latitude ¢g, the horizontal components (i, ¢) of the spherical coordinate
system may be replaced by Cartesian coordinates (X, y), where

X=ReCOSPor, Y= Re(d— o). (3.4)
The Coriolis parameter f may also be represented locally in Cartesian coordinates as

f="fo+B8(y— Yo, (3.5)
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where fo = 2Qsin ¢ and

_ 292 C0s ¢
Re

is now a constant. These local Cartesian coordinates are known as the g-plane because
they represent a tangent-plane approximation to the spherical surface at latitude ¢o,
within which the meridional gradient of the Coriolis parameter f is retained and
represented by the constant 8. In these coordinates, the horizontal gradient and diver-
gence operators in (2.102) and (2.104) are based on the standard Cartesian form
Vi = (9/0x, 8/3y). Characteristic midlatitude values of the g-plane constants fy and
gin(35)are f=10"*stand 8 =2 x 1071t m~tsL,

In quasi-geostrophic scaling, which leads to the quasi-geostrophic rather than plan-
etary geostrophic equations, the meridional scale L o of the motion is limited such
that Los <« fo/B. Inthat case, the g-plane coordinates can be motivated as an asymp-
totic, local approximation to the spherical coordinates. The S-plane provides several
convenient simplifications, including the absence of metric terms in the differential
operators and the representation of the parameter 8 as a constant. These simplifica-
tions make the B-plane particularly appealing as a framework for theoretical analysis
of ocean circulation.

In the planetary geostrophic case of interest here, L ~ fy/8, and, unfortunately, the
use of the B-plane approximation cannot be motivated as an asymptotic approximation.
However, it turns out that the dynamics of the planetary geostrophic equations are
not essentially different on the 8-plane and in spherical coordinates. In particular, the
fundamental planetary geostrophic vorticity equation (3.2) has an exactly analogous
form on the g-plane: if the representation (3.4)—(3.6) is used in (2.102) and (2.104),
with the velocity in the Cartesian coordinates written as

(3.6)

u=(u,v, w), 3.7)
the resulting vorticity equation is
ow
= f— 3.8
Bo=17". (38)

which may be compared directly to (3.2). Thus little is lost dynamically, and much is
gained in notational simplicity and analytical convenience, by considering the g-plane
form of the planetary geostrophic equations, despite the geometrical distortion that is
thereby incurred.

The Cartesian representation of the gradient operators Vy, and V, with (3.4)—(3.6),
are the only modifications of (2.102)—(2.107) required to obtain the g-plane plane-
tary geostrophic equations. For example, on the B-plane, the planetary geostrophic
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horizontal momentum equations (2.102) become

1dp U= 19dp

fo=——, U= ———, (3.9)
Po 90X po Y
and the material derivative operator is
D 0 0 0 ad
— = —4u— — —. 3.10
Dt ot Yax T Vay Tz (3.10)

3.3 Boundary Conditionson Vertical Velocity

Through the fundamental large-scale vorticity relation (3.2) or (3.8), the vertical
velocity field, including top and bottom boundary conditions, assumes a central role
in large-scale circulation dynamics. Suppose that the ocean is confined vertically
between a sea floor at depth z= —H(x, y) and a free surface at z = ¢ (X, y, t).
Conditions for the vertical velocity w on these two boundaries can be obtained by
the standard fluid mechanical requirement that fluid parcels initially on the boundary
must remain there so that

D(z—¢) _ D@+H) _

Dt Dt 0. (3.11)
These imply
D¢
—_ — .12
w=-_- atz c(x,y,1) (3.12)
and
w=—Uy-VhH atz=—H(x,y). (3.13)

For a characteristic free-surface deformation A¢ =1 m and time or advection
scales from (2.1), the rate of change of free-surface height can be estimated as

D A
‘_f ~ 20 A 2x10 05t « W=1055"1, (3.14)
Dt adv

where W is the characteristic magnitude of the planetary geostrophic velocity w. It
follows that it should be appropriate also to replace (3.12) with the simplified surface
boundary condition

w=0 atz=0. (3.15)

The condition (3.15) can be consistently imposed at z = 0 because A¢ <« D, where
D is the characteristic vertical scale of the large-scale motion from (2.1).
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3.4 TheTransport Stream Function

The boundary conditions (3.13) and (3.15) on the vertical velocity, along with the
mass conservation equation (2.104), imply that the vertically integrated horizontal
flow Ug(x, y) is incompressible:

0 ow
02/ (Vh-uh—i-—) dz = V; - Ug, (3.16)
—H(x.y) 0z
where
0
Us= / Un dz. (3.17)
—H(x.y)

This in turn means that a stream function W(x, y, t) can be defined for the vertically
integrated flow so that

A aq’) : (3.18)

Us=Us,Vg) = | —, —
s=Us Vo = (-5 5
This result holds even if H depends on x and y and does not depend on the geostrophic
or hydrostatic balance or on the vorticity relation (3.8). It also does not depend on the
B-plane approximation as an analogous stream function can be defined in spherical

coordinates.

3.5 TheWind-Driven Surface Ekman Layer

Vertical motion can be forced in a turbulent boundary layer at the sea surface by the
action of the wind stress on the ocean. The simplest theoretical representations of
such turbulent boundary layers, in which the Coriolis force associated with horizontal
motion in the boundary layer balances the vertical divergence of turbulent stress,
are known as Ekman layers. The boundary condition (3.15) still applies to the total
vertical velocity, but the boundary condition on the component of the vertical velocity
that is associated with the geostrophic motion must be modified to compensate for
the induced vertical motion in the ageostrophic boundary layer.

The horizontal momentum balance in the turbulent surface Ekman layer may be
written as

1 8TE

1
FK % (Up + Ug) = ——Vhp — — & (3.19)
00 po 0Z

where ug = (ug, vg) is the horizontal Ekman velocity vector, representing the depar-
ture of the boundary-layer velocity from the geostrophic velocity up, and the stress
vector T = (7%, V) is the horizontal component of the vertical turbulent flux of hor-
izontal momentum. The stress divergence is analogous to the terms (V - d), that were
dropped from the momentum equation (1.16) in deriving the inviscid form (2.95).
In Ekman layer theory, however, the kinematic stresses =g are turbulent momentum
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fluxes, which represent the mean effect of fluctuating small-scale continuum fluid
motions, rather than viscous momentum fluxes arising from collisions of molecules.
Because the geostrophic terms are linear, Equation (3.19) may be simplified to

1 3‘L'E
fk = ——— 3.20
X Ug 0 02 ( )

Observations suggest a characteristic scale g of order 100 m or less for the thickness
of the turbulent surface boundary layer, in which the stress z ¢ is large. An analytical
solution for the velocity profile in the Ekman layer is available for the case in which
the turbulent dynamics are represented by a constant vertical eddy viscosity Ay. The
stress vector in (3.20) is then Tg = — Ay dug/dz, and the resulting horizontal veloc-
ities decay exponentially with depth over a vertical scale given by the Ekman depth
(2Ay/f)Y2. To derive the required boundary condition on the large-scale vertical
velocity, however, it is not necessary to consider the details of this solution. Instead,
it is sufficient to assume that the velocity and stress vanish at depths much larger than
the boundary layer depth g and to consider the vertical integral over the boundary
layer of the basic balance (3.20) of Coriolis force and stress divergence. This yields
the vertically integrated horizontal boundary layer transport Ug:

0
w 1
Ue :(UE,VE):/ Ugdz=—k x T— = —(‘L’%, —‘L’;). (321)
2/8e——00 oo f oo f

Here T, = (%, 7a) is the surface wind stress, the flux of momentum from the atmo-
sphere to the ocean, now defined to be positive downward. In (3.21), the lower integral
limit represents a depth well below the nominal Ekman layer depth z = —§g, and the
upper integral limit is taken as z = 0 rather than z = ¢, as in (3.15). Thus, remarkably,
the horizontal Ekman layer transport depends only on the wind stress 7, and not on
the details of the turbulence in the boundary layer.

The desired boundary condition for the vertical velocity of the geostrophic flow can
be obtained from the convergence of the Ekman transport (3.21). Define an Ekman
vertical velocity we through an incompressibility condition of the form (2.38):

awE

= —Vj - Ug. 3.22
57 h-UE ( )

Because ug — 0asz/§g — —oo, itisnatural to require alsothat wg — 0asz/dg —
—o0 5o that the Ekman flow is a boundary-layer correction, entirely confined to the
boundary layer. The vertical integral of (3.22) then gives

0
WE|[z=0 = —/ Vh-Ugdz= —Vh -Ug = =W, (3.23)

—00
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where WE is defined by

178 [t 3 [tr
e i (7) - (7)) e

The no-normal-flow boundary condition (3.15) now must hold for the total vertical
velocity at z = 0, the sum of the Ekman component wg and the planetary geostrophic
component w:

w+wg=0at z=0. (3.25)

The resulting boundary condition on the planetary geostrophic vertical velocity at the
sea surface z=0s

17d (=) 3 [TX
Wlz=0 = We = % [& (T) — @ (T>:| . (3.26)

With characteristic scales of 7, = 0.1 N m~2 for the wind stress and ,/L, with
L, = 10% m for the curl of the wind stress, (3.26) gives a vertical velocity scale
W ~ W = 1,/(poL, fo) &~ 107® m s1, as anticipated in (2.1). Note that for g =
50 m, the characteristic wind-driven horizontal velocity within the Ekman layer is
Ug/8g = t./(0o fodE) &~ 2 x 1072 m s~ > U, where U is the horizontal velocity
scale for the geostrophic flow from (2.1).

If there is evaporation or precipitation at the sea surface, then the original boundary
condition (3.12) on the total vertical velocity must be modified to account for the
corresponding rate w, of extraction or addition of fluid at the interface so that

D¢

w=p5- +w, at z=¢(x,y,t). (3.27)

If w, # 0, the total vertically integrated flow is no longer divergence free, and the
stream function (3.18) for the total transport must be supplemented by a transport
potential. Typical maximum values of w, for the ocean are of order 1 m yr—'. This
is substantially smaller than the typical values of midlatitude Ekman pumping We,
which, from (2.1), are of order W =10"% m s~' ~ 30 m yr~. The circulations
driven directly by evaporation and precipitation may therefore be ignored at first
order.

3.6 Sverdrup Transport

The planetary geostrophic vorticity relation (3.8) is linear in both v and dw/dz and
may be integrated over depth to obtain

0
BV = B / vdz= (kg — wli) (3.28)
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Here the approximation ¢ ~ 0 has been made in the upper integration limit because
¢ <« D, where D is a characteristic scale for H from Section 2.1. Thus the vertically
integrated meridional geostrophic transport Vg can be computed directly from the
boundary conditions on the vertical velocity.

If the sea floor is flat so that H(x, y) = Hp, where Hg is a constant, or H is
large enough that the vertical motion vanishes at great depths, then (3.13) reduces
immediately to one of the simple conditions

w=0 atz=-Hy or w—>0 as z— —oo. (3.29)

The result of imposing (3.29) and the original no-normal-flow condition (3.15) at
z =0 in the vertically integrated equation (3.28) is that Vg = O: if the circulation
is not forced by vertical motions at the boundaries, there can be no net vertically
integrated meridional geostrophic flow at each point in the domain.

With, instead, the Ekman vertical velocity boundary condition (3.26) at z = 0, and
either of (3.29), the vertical integral of the vorticity relation (3.8) yields

fro(w J [T
o= [ (7) -5 (%)) &30

According to (3.30), the vertically integrated meridional geostrophic transport Vg at
each point is proportional to the curl of the ratio of the wind stress t,, to the local
Coriolis parameter f. A characteristic scale for Vg is Vg & 7,./(poBL:) &~ 5m? s71.

Equation (3.30) is the geostrophic Sverdrup transport balance, a fundamental ele-
ment of large-scale circulation theory. It follows from the scaling (2.1) and from
the result (3.26) of Ekman boundary layer theory, which does not depend on details
of the representation of turbulence in the boundary layer. Through this balance, the
vertically integrated meridional geostrophic transport can be computed directly from
the surface wind stress without any consideration of any other aspects of the flow. In
particular, note that (3.30) does not depend on any restriction on the density structure
of the flow, provided that the flow is consistent with the a priori scales, and so holds
for both homogeneous and stratified planetary geostrophic flow.

The term BV in (3.30) is proportional to the divergent part of the geostrophic flow.
This can be seen as follows. Consider the vertical integral of the geostrophic relations
(3.9):

1 0
U = (UG, VG) = — k x Vhde. (331)
pof J

The divergence of the geostrophic flow is then

0
P Par— Py (3.32)

Vh-Ug = ——
NEC T T et )y ax f
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Since the sum of the geostrophic and Ekman flows satisfies the boundary condition
(3.25), the horizontal divergence of the sum of the vertically integrated geostrophic
and Ekman transports must vanish, as can be verified directly from (3.32), (3.30), and
(3.21):

B d [ T 9 X
Vh - (U Ug)=—Veo+— | — —|—-——=)=0. 3.33
h-(Ug + Ug) : G+3X(p0f +8y o f (3.33)
This means that a stream function ¥(x, v, t) can still be defined for the total vertically
integrated flow so that

(3.34)

oV v
US:(USaVS):UG+UE:(_ )

By ax
Then it follows also from (3.30) and (3.21) that the product of g and the total
meridional transport is

y X
B = PVe BV = (G - ). (335)
According to (3.35), the sum of the vertically integrated wind-driven Ekman layer
and planetary geostrophic meridional transports is proportional, at each point and at
any given time, to the local value of the curl of the wind stress. Equation (3.35) is the
Sverdrup transport balance; like (3.30), it is a fundamental result. On the time scale
tagv from (2.1), both are quasi-steady balances.

3.7 Depth-Integrated Wind-Driven Gyre Circulation

The Sverdrup transport balance (3.35) allows the computation of the zonal gradient
oW /ox of the stream function W for the depth-integrated flow from an imposed wind
stress field 7, (X, y, t). For inviscid flow in a closed, simply connected domain, the
natural boundary condition on a stream function is that it be constant, or a function
only of time, on all rigid boundaries. If the no-normal-flow condition ¥(xg, y,t) =0
is imposed at the eastern boundary x = xg, the westward zonal integral of (3.35)
gives the depth-integrated interior circulation at each longitude x, latitude y, and
time t:

1 (%1 /oty ot
wix,y, ) == [ = (22 - 2w gy (3.36)
ﬁ XE pO 8X ay

Thus the full two-dimensional structure of the depth-integrated, wind-driven, large-
scale interior circulation can be computed from knowledge only of the wind stress
field. This is a fundamental result with wide-reaching implications. A characteristic
scale for the transport ¥ is W ~ VgL & 2.5 x 10’ m® s~1 = 25 Sv, where 1 Sv
(Sverdrup) = 108 mé s,
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However, from a theoretical point of view, the choice made in (3.36) to impose the
no-normal-flow condition at the eastern rather than western boundary appears arbitrary
and even inconsistent. In a simple closed domain, the no-normal-flow condition must
be specified along the entire boundary, and the value of W at the eastern and western
boundaries should be the same. In (3.35), however, only one boundary condition can
be specified independently, in the zonal coordinate x. A zonal integral of (3.35) across
the basin from the western boundary xyy to the eastern boundary Xg gives

Xe 1 /9ty otk
Ve — Wy) = ———-—-%2]d 3.37
B(Ye — Yw) /XW ,00<8X ay) X, (3.37)

where Wg = W(Xg, v, t) and Wy = ¥(Xw, Y, t). Thus the two boundary conditions
Ve = Wy = 0 can only be satisfied simultaneously if the zonal integral of the wind
stress curl happens to vanish, which, in general, it will not. The source of this degen-
eracy is the neglect of higher-order spatial derivative operators in the derivation of
the reduced equations (2.102)—(2.107), especially those associated with the molecular
viscosity and the divergence of deviatoric stress V - d.

To overcome this degeneracy, it is necessary to restore some representation of
frictional effects in the dynamical equations. One approach is to introduce a frictional
drag force that is linearly proportional to the flow and directed opposite to it. Then the
horizontal momentum equations for the vertically integrated flow, written in terms of
the transport stream function ¥, are

X y
g _ P O (3 P Y g
X X ' po ay dy y  po  OX
where the last term in each of (3.38) is the drag force, r is a constant drag coefficient,
and

_ 1 O
P=— pdz (3.39)
PO J-H
is the vertically integrated pressure. The main motivation for introducing this particular
representation of the neglected frictional effects is the simplicity of the equations
(3.38) that follow from it rather than a specific physical argument.
A vorticity equation for the depth-integrated flow can be obtained by cross-
differentiation of (3.38), which eliminates the pressure P, with the result that

y X
R LAt (aﬂ . af’*’> . (3.40)
ax 0o \ 9X ay

This equation is of second differential order in both x and y so that the natural
condition & = 0 can be consistently imposed along the boundary of a simple, closed
domain.

It is instructive to consider solutions of (3.40) in a rectangular closed basin
with boundaries at X = {xw, Xg} and y = {0, L} for a wind stress field z,, = (z}, rLX)
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given by

¥ = —19C08 (ﬂTy> and t) =0, (3.41)

w w

where 7 isa constant. The form (3.41) isasimple, zonally symmetric representation of
the mean midlatitude wind stress, with easterlies at the lower latitudes (0 <y < L/2)
and westerlies at the higher latitudes (L /2 < y < L). With the substitution

_ in (™Y

W(x, y) = d(X) sm( - ) (3.42)

for which & = 0on y = {0, L} is automatically satisfied, Equation (3.40) becomes

d?o do 2 TTo

—— 4B T =0 =" 4

' dx?2 + dx ' L2 ool (343)
The inviscid (r = 0) solution of (3.43) is
T To

O(X) = — X + Co, 3.44

(0 = —— 2 x+Co (3.44)

where Cy is a constant to be determined. Because a single value of Cy cannot be chosen
that will satisfy the boundary conditions & = 0 at both of x = {Xw, Xg}, the presence
of a frictional boundary layer adjacent to one of the boundaries can be anticipated.
Suppose that this boundary layer has scale | « L, and introduce the boundary layer
coordinate

& =(x—X)/l, (3.45)

where Xg represents either xy or xg. With the substitution (3.45), (3.43) may be
written as

2 2
Now, choose
| =r/B; (3.47)
let
ss=1/L; (3.48)
expand @ in powers of §s,
® = g+ 5Py + 850, + ... (3.49)
substitute these into (3.46); and collect the first-order terms in §s to obtain
d?®  d®o _ o (3.50)

d&z T dE
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Figure 3.1. Solutions of the model equation (3.43) for the depth-integrated wind-
driven gyre circulation for §s = 0.02. (top) Numerical solution (Equation (3.40);
thick solid line) and interior (Equation (3.44); dotted line), boundary layer (Equation
(3.51); dashed line), and uniformly valid (Equation (3.52), thin solid line) analyti-
cal approximations. (bottom) ®/®q (contour interval 0.1; contours increase mono-
tonically from boundary) from numerical solution of (3.40), using (3.42) and the
numerical solution of (3.43).

Equation (3.50) has solution
g = Cy + Cre ™% = Cy + Cre /1 (3.51)

where C; and C, are constants. Because the exponential in (3.51) decays as Bx/r —
400 but grows as gx/r — —oo, the bounded solution must have X, = xw, and
the boundary layer must be adjacent to the western boundary (Figure 3.1). The
corresponding uniformly valid approximate solution constructed from (3.44) and
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(3.51), accurate to first order in &g, is

U(x,y)= mOL [(xe — X) — (Xg — xw)e PXXW)/ ] sin (nTy> . (3.52)

pofB

For x — xw > r/pB, that is, outside the narrow western boundary layer, the solution
(3.52) is equal to the inviscid interior solution (3.44), with uniform equatorward
flow proportional to t at each latitude y. The interior solution satisfies the eastern
boundary condition ¥ = 0 on X = Xg, S0 there is no eastern boundary layer. This
result is consistent with the choice made to impose the boundary condition on ¥ at
the eastern boundary in the general integral (3.36).

For x — xw ~ r/B, that is, inside the western boundary layer, the solution (3.52)
adjusts exponentially from its westernmost interior value, proportional to Xg — Xy, to
the boundary value ¥ = 0 at x = x. In this narrow western boundary layer, Vs = Wy
is large, and there is fast poleward flow, which balances the slow equatorward flow in
the interior. If the value of g in (3.52) is decreased toward zero, the width r /8 of the
western boundary layer increases. If 8 = 0, then (3.40) and (3.43) are invariant under
the transformation x — —x, and the corresponding solution for ¥ is symmetric with
respect to x. Therefore it is the g-effect, the variation of the Coriolis parameter with
latitude, that causes the western intensification of the flow, that is, the development
of the narrow, fast return current along the western boundary of the domain.

The vorticity dynamics of the solution (3.52) are linear. The Sverdrup transport
balance (3.35) obtains in the interior regime, with the anticyclonic wind stress acting
to reduce the vorticity of the interior flow, and the interior fluid moving equatorward
to match its vorticity with the ambient, planetary vorticity, following the planetary
geostrophic vorticity balance. In the western boundary current, the meridional flow
is increasingly faster—and consequently, the retarding force is increasingly greater—
as the boundary is approached. This force differential imparts cyclonic vorticity to
the fluid in the return current, allowing it to match the planetary vorticity at the
corresponding latitude as it leaves the western boundary layer and returns to the
Sverdrup interior. A similar frictional boundary layer could not have this effect along
the eastern boundary as the greater drag adjacent to the boundary would impart the
wrong sign of vorticity to poleward-flowing fluid.

Thus, in addition to allowing a consistent solution for the depth-integrated circu-
lation in a closed basin that exhibits the planetary geostrophic vorticity balance in
the inviscid interior, the simple drag parameterization in (3.38) leads to an appealing
explanation for the origin of observed midlatitude western boundary currents such as
the Gulf Stream in the North Atlantic. A limitation of this calculation is that the linear
drag terms, through which momentum is removed from the depth-integrated flow,
are not motivated by any quantitative physical considerations. An alternative model
can be obtained by specifying lateral, down-gradient eddy diffusion of momentum
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in place of the linear drag. This would allow the flow to satisfy a full no-slip con-
dition along the lateral boundaries, but also is not directly motivated by quantitative
physical considerations. In the special case of a uniform-density fluid, for which the
geostrophic flow is independent of depth, the linear drag terms can be interpreted
physically as a parameterized bottom friction; this interpretation is directly relevant
to laboratory experiments but not to the stratified, large-scale ocean gyre circulations.

3.8 Topographic Effects on the Depth-Integrated Flow

If the flow extends to the seafloor and the seafloor is not flat, then the lower boundary
condition (3.13) on vertical velocity must be retained in its full form. Through the
vertical integral (3.28) of the planetary geostrophic vorticity balance (3.8), this couples
the vertically integrated meridional transport to the horizontal velocity uy at z =

—HX, y):

oV 1 (9T 0Ty
X po

X a;/”) + fun|z=—n - VhH. (3.53)
According to (3.53), the depth-integrated rate of change of planetary vorticity is equal
to the difference of the vortex stretching terms arising from Ekman pumping at the
surface and from the vertical velocity at the bottom, where the latter is in turn forced
by bottom geostrophic flow up the topographic gradient.

Alternatively, with the geostrophic relations (3.9), by which the horizontal velo-
city un at z= —H(X, y) is related to the bottom pressure py(X,Y,t) = p[X, Yy, —
H(x, y), t], the modified, topographic Sverdrup transport balance (3.53) can also be
written as

v 1 1 (o) AT
— = —J(pp, H)+ — | — — 2, 3.54
ﬁax Po (o )+po(8x SY) (359
where the Jacobian J(a, b) of two functions a(x, y) and b(x, y) is defined by
dadob 9daadb
Ja by = 2% _ 285 (3.55)
axX ady  dy ax

The term J(pp, H) is the bottom pressure torque. It vanishes only when the gradients
of bottom pressure and topography are parallel or if at least one of those two gradients
vanishes. The equation (3.54) may also be obtained by writing the vertically integrated
momentum equations in the form

10 ) x

Cfw, = Py (3.56)
Po J _H(xy) IX Lo
1 (0 B >

fwy = Pyzq o (3.57)

00 J_Hxy) Y po’
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where W is as defined in (3.18), and then cross-differentiating, taking account of the
variable lower limit of integration z= —H (X, y).

Arelated vorticity equation can be obtained from the vertically averaged momentum
equations, as follows. The pressure term in (3.56) may be integrated by parts:

0 0 Pa
f pdz:/ d(zp)—f zdp=Hpy,+ P, (3.58)

—Hpp b
where

0
P = g/ Zp dz. (3.59)
—H

If (3.58) is used in (3.56)—(3.57) after manipulation of the pressure-gradient integrals,
and the result is divided by H and then cross-differentiated, the resulting equation is

(o) 32 5] o

In the special case of a fluid with uniform density p = pq, it follows that P =
—pogH?/2, and thus J(P, 1/H) = 0 identically. In this case, Equation (3.60) shows
that the total depth-integrated flow crosses contours of constant f/H only to the extent
that it is forced by the curl of the ratio of the wind stress 7, to the bottom depth H.

3.9 Notes

The Sverdrup vorticity relation and the Sverdrup transport balance were derived
by Sverdrup (1947). The linear-frictional model of the depth-integrated wind-driven
circulation was constructed by Stommel (1948) as the first explanation of the observed
western intensification of the midlatitude gyres; an extension to Laplacian horizontal
momentum diffusion was developed by Munk (1950). Note that these analyses of
the large-scale vorticity balance and its role in the depth-integrated basin-scale flow
preceded the first derivation of the full planetary geostrophic equations by a decade.
A detailed discussion of Ekman layer theory, including the depth-dependent structure
within the boundary layer, is given by Pedlosky (1987).
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Stratified Large-Scale Flow

4.1 Planetary Geostrophic Equations for a Simplified Equation of State

The vorticity dynamics explored in the previous chapter provides powerful con-
straints on the depth-integrated planetary geostrophic flow. However, it provides no
information on how the horizontal flow is distributed in the vertical, nor on the
interaction of dynamic and thermodynamic processes that set the large-scale thermal
and haline structure of the ocean. These elements depend on the stratification of the
ocean—the variation of density with depth—and the dependence of density on the
three-dimensional thermal and haline fields, through the equation of state.

The basic equation of state for seawater is the nonlinear, empirical relation (1.14):

p=R(pT,9). (4.1)

As a starting point for the stratified theory, it is sufficient to use an approximate, linear
form of (4.1):

P = Po {1 + T, [p(2) + P —pr] —ar(T —Tr) + Bs(S— S)} ) (4.2)

where the compressibility I',,, the thermal expansion coefficient at, and the haline
contraction coefficient Bs are taken to be constant. In (4.2), the total pressure p has
been written as the sum of a horizontally uniform component p(z) and a departure
p'(X, Y, z,t) from p(z), where p(z) is taken to satisfy

dp _ _

4, =~ {1+T,[p@2) - pl+arT —BsS}. pz)=p  (43)
for a suitable reference level z and constants pg, pr, Tr, and S such that p = pg
atz=2z when p=0,T =T, and S= S; here pg need not take the precise value
given in (2.1). In this linear approximation to (4.1), in which the compressibility,
expansion, and contraction coefficients are constants, the differential equation (4.3)

52
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can be solved for p(z), yielding
P2 = pr + (L +ar T — BsS)T, Hexp[—gool ,(z — )] — 1}, (4.4)

or

P2~ pr —goo(L + a1 T, — BsS)z— 7). (4.5)

This solution for p(z) is a trivial modification of (2.29), and the decomposition
p= p+ p follows (2.33).

Because the horizontal gradient of the horizontally uniform pressure p(z) vanishes
identically, and the equation of state (4.2) is linear, p(z) can be completely removed
from the equations. The resulting hydrostatic equation for the departure p’ of the
pressure from p(z) is then

8 /
8_2 = —gpo(Tpp—a1T + BsS) ~ goo(ar T — BsS), (4.6)
where p’ = —pg (1T — BsS) is the density anomaly, and the last approximation

follows because the neglected term is smaller than 9p’/dz by a factor of §, ~
gool', D <« 1. Thus itis only the linear combination ot T — BsSthat has a dynamical
effect on density and pressure. Because the evolution equations (2.105) and (2.106)
are also linear in T and S, one of these variables is dynamically redundant, provided
that the boundary conditions may also be written in terms of at T — BsS. In this case,
only one of T and Sneed be retained; equivalently, a new single variable proportional
to a1 T — BsScan be defined such as the buoyancy b = gog(ar T — BsS).

Under these conditions, there is no loss of generality in setting S = 0, which gives a
simplified planetary geostrophic theory with only the single thermodynamic variable
T. The result is a simplified set of planetary geostrophic equations for large-scale
ocean circulation:

1
fk xuy,=——WVj p’, 4.7
Lo
op’
= T 4.8
37 gpooat 1, (4.8)
V.-u=0, (4.9
DT
— =0. 4.10
Dt (4.10)

Note that the density o and the explicit equation of state have been eliminated from
these equations, which are written entirely in terms of T. The horizontally uniform
pressure field p(z) need only be considered explicitly if the in situ density is to be
reconstructed from (4.2) and the solution for T.
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The simplification afforded by the linearization of the equation of state, and the
assumption either that S = 0 or that the combined boundary conditions can be con-
sistently posed in terms of the combination a1t T — BsS, is substantial. The number
of evolution equations is reduced from two to one, and a separate equation of state
is no longer required to close the system. If temperature variations are sufficiently
small that the potential temperature 6 should be considered in place of the in situ
temperature T, a set of equations results that has identical form to (4.2)—(4.10), with
T simply replaced everywhere by 6.

The system (4.7)—(4.10) is traditionally known also as the thermocline equations.
It is frequently written in terms of the density anomaly p ' instead of temperature T.
However, that formulation is purposely avoided here because the associated replace-
ment of (4.10) with Dp’/Dt = 0 obscures the origin of (4.10) as a form of the
thermodynamic energy equation. The system may also be written in terms of the
buoyancy variable b, with (4.10) replaced by Db/Dt = 0.

4.2 Linear Theory

Although the equation of state (4.2) has been linearized, the planetary geostrophic
equations (4.7)—(4.10) still contain the fundamental advective nonlinearity: the veloc-
ity field that advects the temperature T itself depends on T through the hydrostatic
and geostrophic balances. If it is assumed that the deviations from a stratified rest
state are small, a linear theory may be derived, as follows.

Suppose that the temperature field can be decomposed into a known part T that
varies only in the vertical plus a small disturbance T:

T, Y. zt)=T@+ Ty, z1), (4.11)

where the magnitude of T is assumed small relative to that of T. The pressure
disturbance field p’ can then be decomposed similarly:

P'(X.y,zt) = p(2) + B(x, Y, z, 1), (4.12)
where
dp 3 9P .
d—g:gpoaTT and a—g:gpoaTT. (4.13)

Because the horizontal velocities depend only on f, according to
1_ .
fkx Uy = ——Vp P, (4.14)
Lo

the horizontal advection terms in (4.10) are then quadratic in small disturbance quan-
tities and may be neglected relative to the linear vertical advection and local time
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derivative terms. Thus (4.10) may be approximated by a linear equation:

oT  dT  aT N2

- — = — 4+ —w=0. 4.15

ot TVaz T ot gar (4.15)
In (4.15), the vertical velocity w is determined from (4.9), the form of which is
unchanged in the linear theory, and

daT
N2(2) = — 4.1
(2) = gar iz (4.16)

is a simplified form of the buoyancy frequency (2.74).

4.3 Breakdown of Steady Linear Theory

The linearized thermodynamic energy equation (4.15), while apparently innocuous,
hides an imminent catastrophe. Steady solutions, for which T /at = 0, must clearly
have w = 0 everywhere in the domain. According to the Sverdrup vorticity relation
(3.8), then, it follows also that v = 0 everywhere in the domain. This, however, is in
direct contradiction to the geostrophic Sverdrup transport balance (3.30), according to
which there must be a vertically integrated meridional geostrophic flow proportional
to the curl of the ratio of the wind stress to the Coriolis parameter.

Two possible sources of this breakdown of the steady linear theory are the lineariza-
tion itself, with its neglect of horizontal advection of thermal perturbations, and the
restriction to purely large-scale physical processes, which has resulted in the purely
adiabatic, advective form of the thermodynamic equation (4.10). The first of these
can be explored within the context of the large-scale theory but inevitably requires
the consideration of nonlinear equations. The second requires the inclusion of some
representation of the integrated effect of small-scale processes on the large-scale flow.
Both possibilities prove to be relevant to the large-scale circulation.

Remarkably, the time-dependent linear theory does not suffer the same catastrophe
as the steady linear theory and instead yields useful insights into the mechanisms
by which the large-scale circulation adjusts to changes in boundary forcing. Before
proceeding with the steady theory, it is thus useful to consider the time-dependent
solutions of the linearized equations.

4.4 Long Planetary Waves

For the linearized planetary geostrophic equations, an evolution equation in the single
pressure variable p can be derived by solving (4.15) and (4.13) for w,
ger 0T 1 9P

W=———

N2 ot~ pgN2 9zt

(4.17)
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and (4.14) for v,

1 9p
p=—2P (4.18)
,00f aX
and by substituting these into the Sverdrup vorticity relation (3.8). The result is
conveniently written in the form

oo [f2ap ap

In (4.19), the first term represents vortex stretching, — f dw/dz, and the second term
represents the advection of ambient (planetary) vorticity, Sv.

The pressure evolution equation (4.19) can be solved by separation of variables.
Let

p(x.y.z.t) = P(x.1;y) Z(zy). (4.20)

where the dependence of Z and P on y will only be parametric, through the depen-
dence of f ony. Then it follows that

1d/f2dz 1 P (oP\ "
7 dz (WE) =TT Pk (E) ’ (421

where A2 is a separation constant that depends on the parameter y.
The first equality in (4.21) gives an ordinary differential equation for the vertical
structure function Z:

d [ f2dz 1
— | —=— —Z7Z =0. 4.22
dz(N2 dz>+12 0 (4.22)

For an ocean with a constant depth Hp, the natural boundary conditions for the free
wave solutions of (4.19) are

w=0 atz=/{0,—Ho}. (4.23)
In view of (4.17) and (4.20), the corresponding boundary conditions on the vertical
structure function Z are

dz
— = = —Hp}. 4.24
5 0 atz={0, —Hg} (4.24)
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Figure 4.1. (left) Dimensionless long-term mean observed buoyancy frequency
N(2)/No vs. depth z/D at 125°W, 30°N, for No = 1072 s~ and D = 5000 m.
(right) Corresponding normal modes Z;(z), j = {0, 1, 2, 3}, from Equations (4.22)
and (4.24), vs. depth z/D, mode j has j zero crossings.

The second equality in (4.21) gives a first-order wave equation in x and t:

oP oP

— +c— =0, c=—-B2% 4.25

ot + X p (4.25)
This has the general solution

P(x,t)=F(), &=x-ct, (4.26)

where F (&) isasmooth function, corresponding to a wave of fixed form that propagates
with phase velocity c.

Equation (4.22) with boundary conditions (4.24), and with f2/N? > 0 everywhere,
forms an eigenvalue problem of Sturm-Liouville type, which has an infinite set of dis-
crete real eigenvalues A2, n = {0, 1,2, ...}, A, %, > A2, with corresponding eigen-
functions, or vertical modes, Z, (Figure 4.1). Multiplying (4.22) by Z, integrating
over z, and using (4.24) shows that

1 O, N0 2 dz)\?

so the eigenvalues A2 are all nonnegative. The differential operator in (4.22) is self-
adjoint, so multiplying (4.22) for Z,, by a different eigenfunction Z, and integrating
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over z yields

1 1 0
m n -

Thus distinct (m # n) eigenfunctions are orthogonal with respect to the vertical
integral.

By (4.27), the eigenvalues A2 have dimensions of inverse length squared so that A,
has dimensions of length. For n > 0, the quantity A, is the nth internal, or baroclinic,
deformation radius. From (4.25), the corresponding wave speed c, of the nth vertical
mode is

Cnh = —BA2. (4.29)

Because ¢, < 0 for all n > 0, these waves all propagate toward negative X, that is,
westward. These waves are the baroclinic, or internal, long planetary waves.

The n = 0 mode is the barotropic, or external, long planetary wave, and A is the
barotropic, or external, deformation radius. With the simplified boundary condition
w = 0atz = 0(4.23), this mode is degenerate: the solution is Zo = constant, Agz =0,
and (ro, Cp) — oo. A finite value for Ao can be obtained using a more accurate
boundary condition for w at z = 0 that accounts for the motion of the free surface.
For a free surface at z = ¢(X, Y, t), the linearized hydrostatic pressure fluctuation at
z = 0s, to first order in density, p = goo¢. Thus

1 96
we 9P w0 (4.30)
gpo dt
With (4.17) and (4.16), this yields
op N
—_— = = 4.31
oz g p atz=0 (4.31)

so that the improved upper boundary condition for the barotropic vertical mode
Zo(2) is
dz N?
0 "7y atz=0. (4.32)
dz g
The condition (4.32) is sufficient to resolve the degeneracy, giving finite values for 1o
and ¢y, as in the example given in Section 4.5.
The long baroclinic and barotropic planetary waves are nondispersive: for any zonal
wavenumber k, the corresponding Fourier mode for verticalmoden,n = {0, 1, 2, .. .},

Pa(X, 1) = P KOt = P @ (oment), (4.33)

propagates at fixed phase velocity c,, independent of k, and has frequency wn = Kch.
Consequently, the group velocity dw,/dk = ¢y, and energy will propagate westward
at the same speed as phase. In contrast, planetary waves arising in quasi-geostrophic
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theory, which is generally appropriate for motions with horizontal scales comparable
to the deformation radius and much smaller than ocean basin widths, are dispersive,
with frequency decreasing toward zero for wavenumbers larger than the inverse of the
corresponding deformation radius. The planetary geostrophic approximation removes
the relative vorticity that causes this quasi-geostrophic dispersion.

The long planetary waves obtained here from the planetary geostrophic equations
are essentially equivalent to the long-wave limit (kA,, < 1) of quasi-geostrophic plan-
etary waves. The main distinction is that these long planetary waves have a parametric
meridional dependence that is not present in the quasi-geostrophic representation, in
which, for fixed central latitude ¢q, the meridional structure of the waves may be
sinusoidal. For both the baroclinic and the barotropic planetary geostrophic waves,
the parametric dependence on the meridional coordinate y enters through the effect
of the variations of f with y on the structure of the vertical modes Z, and on the
eigenvalues A, and c,.

These long planetary waves are the mechanism by which, in the linear approxi-
mation, the large-scale circulation responds to large-scale, low frequency changes in
boundary forcing. The westward intensification that was discussed in the context of
a steady, frictional model in Section 3.7 can be understood alternatively as arising in
part from the uniformly westward energy propagation of these long waves.

45 Vertical Modesfor Constant Stratification

Suppose that the stratification is constant so that
N2(2) = N2, (4.34)

where N is a constant buoyancy frequency. Then Equation (4.22) for the vertical
modes becomes
d’z  NZ
— +
dzz2 = A2f2

Z=0. (4.35)

With the boundary conditions (4.24), the internal deformation radii A, are

~ NoHo

= — ={1,2,3,... 4.
n n]'[f’ n {a ’3? }7 ( 36)

and the corresponding vertical modes Z,, and phase velocities ¢, are

Zn(2) = Zno COS (nHLZ) , h={1,2,3,...} (4.37)
0

NoHo
nrm f

2
Ch=—BA= -8 < ) , n=1{1,2,3,...}. (4.38)
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Thus the nth vertical mode Z,, has n zero crossings in z, and the internal deformation
radii A and the magnitude of the phase velocities |c,| decrease as the inverse and
inverse square, respectively, of the mode number n.

With the improved upper boundary condition (4.32), the barotropic vertical mode
Zy may be approximated as

2

Zo(2) = Zoo |:1 - 23&0 (z+ Ho)z] , (4.39)

which, on substitution into (4.35) and neglect of small terms, yields the external
deformation radius Aq,

_ (gHo)Y?
===

Ao (4.40)

and the barotropic phase velocity ¢,

gHo
Co=—prs=— 7 (4.41)

Note thatc; /Co = A2/A3 ~ Ap/ po, SO the barotropic mode propagates about 10 times
faster than the first baroclinic mode. The polynomial form (4.39) can be obtained as
an approximation to the sinusoidal solutions of (4.35) with (4.32), under the condition
that Ao >> A1, which is generally satisfied because A2 /A3 ~ Ap/ po.

Dimensional estimates of A, and c, can be obtained using Ny = {2 — 5} x
1073 s7! ~ {1 — 3} cph and Hy = D =5 x 10% m as characteristic values for the
buoyancy frequency and ocean depth, respectively, with the midlatitude values
f=1f=10"*stand g =2 x 10~ m~t s, The first internal deformation radius
is then

_ NoHo
f

A = ~ {30 — 100} km, (4.42)

and the phase velocity of the first baroclinic mode is
¢ =B}~ —{0.02—-0.20} ms L. (4.43)

Thus the first baroclinic mode will take several years to cross an ocean basin, and
by (4.38) the crossing will take the nth baroclinic mode n? times as long as the first
mode. For the barotropic mode,

172
ho = (gHo)

~ 2000 km (4.44)

Co = —pri~ —100ms>. (4.45)

Thus the barotropic mode will take only a day or so to cross an ocean basin at
midlatitude. These basin-crossing times are useful as rough estimates for barotropic



4.6 Planetary Geostrophic Conservation Laws 61

and first-mode baroclinic gyre adjustment tune scales. The rapid n~2 decrease in
Cn with mode number n makes the linearization about a state of rest increasingly
unreliable for n > 1, since the phase speeds ¢, for n > 2 are generally comparable to
or less than typical large-scale mean flow speeds.

4.6 Planetary Geostrophic Conservation Laws

The nonlinear planetary geostrophic equations (4.7)—(4.10) have two additional scalar
conservation laws, along with (4.10) for temperature T. The first is for the planetary
geostrophic potential vorticity Q, where

9T
Q=f=. (4.46)

Because

DQ D 1:aT
Dt Dt 0z

o (0T oT oT oT
a—z U—+v—+w—

at + X oy 0z
ouadT  JvaT dw\ T
- fl=+ == —f— = 4.47
(828x+azay)+<ﬁv az) 0z (4.47)

it follows from the thermodynamic equation (4.10), the vorticity relation (3.8), and
the thermal wind equations

ou  Qor dT v gar T

—_— =, —=— 4.48
0z f oy’ oz f ox (4.48)
that the potential vorticity Q is conserved following the motion
D
bR _, (4.49)
Dt

This holds even for time-dependent flow, in which dQ/at and 8T/t may be different
from zero.
The second conservation law is for the Bernoulli function B in steady flow, where
p/
B=— —ga72zT. (4.50)
Lo
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Because, with (4.10),

DB 1 Dp DT
108 (a2

Dt  po Dt Dt
10p 1 ap ap’ 1 ap ap’ 10p
_ 9% > opop, - POP ——p—gaTT
po 0t p2f dy ax  p2f ax Ay po 0Z
10p
_ - (4.51)
po Ot

it follows that under conditions of steady flow, in which aB/dt = ap’/at = 0, the
Bernoulli function B is conserved following the steady motion

u-vB=0. (4.52)

4.7 Representation of Small-Scale Turbulent Heat Diffusion

The breakdown of the steady linear theory (Section 4.3) indicates that fundamental
physical processes are missing from the steady linear model. A process of potential
importance is the vertical diffusion of heat by small-scale, three-dimensional turbulent
motions, which would introduce a diffusive heat source in the thermodynamic equation
(4.7) that could balance the vertical advection of mean temperature by the vertical
motion. The planetary geostrophic scaling that results from the a priori specification
of the scales of motion (2.1) shows that the direct molecular diffusion of heat on the
large-scale fields is negligible. However, the average effect of small-scale (i.e., vertical
and horizontal scales of tens of meters or less) turbulent motions on the large-scale
field may be many times larger than direct molecular diffusion because the turbulence
intensifies the local thermal gradients by orders of magnitude.

A useful, simple representation of the mean effect of small-scale, three-dimensional
turbulence on the large-scale motion can be achieved by presuming that the turbulent
diffusion acts like molecular diffusion but with an enhanced diffusivity «, > «t.
Because the vertical thermal gradients on large scales are typically larger than the
horizontal gradients by a factor equal to the aspect ratio D/L = 1073, only the ver-
tical divergence of this diffusion need be retained at first order. This yields the modified
thermodynamic equation

DT 3T

Dt ez
Note that if (4.53) is taken to replace (4.10), with «, # 0, then the conservation laws
(4.49) and (4.52) for potential vorticity Q and Bernoulli function B, respectively,
no longer hold. The importance of the vertical divergence «,d2T /82? of the vertical
turbulent heat flux, relative to the individual terms of the large-scale material advection
of heat DT /Dt, will depend on the value that is specified for «,.

(4.53)
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Itis essential to recognize that this addition of a representation of the average effect
of small-scale turbulence to the planetary geostrophic model is a fundamental depar-
ture from the deductive scaling approach by which the planetary geostrophic equations
(2.102)—(2.107) were derived as a relatively rigorous, filtered approximation for the
purely large-scale motion. Many other types of small-scale or intermediate-scale
motions might equally well have a mean effect on the large-scale flow, which might
be introduced into the planetary geostrophic model through other parameterizations.
However, because it represents a fundamental process through which heat is forced
vertically downward from the warm surface into the cool ocean interior, and because
the wide separation of time and space scales between the planetary geostrophic and
three-dimensional turbulent motions provides a relatively robust motivation for the
simple diffusive model, the particular addition (4.53) merits special attention. This
small-scale turbulent mixing is an essential component of the internal boundary layer
theory of the main thermocline and the diffusively driven theory of the abyssal circu-
lation (see Chapter 5).

4.8 The M Equation

With the zonal component of the geostrophic relation (4.7), the Sverdrup vorticity
relation (3.8) may be written in the form

1 / f2 / f2
—a—p+i<——w) = div (3,——w) —0. (4.54)
po dX 3z \ B po P

Thus the vector field (p’/po, — f?w/pB) is divergence free, and a stream function
M(X, z;y, t) can be defined so that

p_oM  f2  9M

= —w=— (4.55)
£0 az B ax
From (4.7)—(4.8) and (4.55), it follows that
19%M 1 9%M 1 9°M
- == T =— (4.56)
f dyaz f 9xdz gat 072
so that the thermodynamic equation (4.53) may be written as
#BM  132M M 1 9°M M IM 3°M 9*M
P — —. (457

092 ToyozaxdZ | foxazoydZ | f2ox 92 Vo

This shows that the set of planetary geostrophic equations (4.7)—(4.9) with (4.53)
are mathematically equivalent to a single nonlinear, fifth-order partial differential
equation in the scalar variable M(x, y, z, t).
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Figure 4.2. Layer-model geometry. The layer thicknesses are hj(x,y,t), | =
{1,2,3,..., N}, the sea surface is at z= 0, and the interface between layers |

and j 41 is at the depth z= —H;(x, y, t). The constant level z= Zy,1 is in the
motionless layer N + 1, above the sea floor.

4.9 Reduced-Gravity Layer Models

The theory of the adiabatic, advective subtropical thermocline is most conveniently
developed in the setting of layered models of the stratified fluid, in which the density, or
temperature, stratification is concentrated into infinitesimally thin interfaces between
finite-thickness layers that are each of uniform but distinct density or temperature.
Consider such a model with N + 1 layers: a deep, motionless layer with temperature
Tn+1 and N successively shallower intermediate layers with temperature T, pres-
sure p/j, thickness hj, and velocity components u;, vj, wj, j ={N,N —=1,...,1}
(Figure 4.2). The interface between layer j and layer j + 1 will be atz = —Hj, where
H; is the sum of the layer thickness hy fork = {1, ..., j}:

j
Hi(x y. 1) = Y hi(x, y.1). (4.58)
k=1
The temperatures T, j = {1, ..., N + 1} are each constant, so the hydrostatic relation

(4.8) may be integrated to obtain the pressures pj(2), j = {1,..., N}, —Hj11 <z <
—Hj in the moving layers:

N

Pi(2) = Pni1o — Poger(Zns1Tne1 — ZTj) + oo Z Y Hk, (4.59)
Py
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where py, 1 o IS the constant value of the pressure at z = zy 3 < —Hy in the motion-
less deep layer. The constant

Pj+1 — Pj
Lo

is the reduced gravity associated with layer j, with j = {1, ..., N} for this N-layer

reduced-gravity model, and is equal to the gravitational acceleration g reduced by a

factor equal to the fractional density difference across the layer interface at the base

of the jth layer.

The expression (4.59) may be written in terms of the layer-model Bernoulli func-
tions Bj, j = {1, ..., N}, where

vi =dor (Tj = Tjs1) =9 (4.60)

N
Bi(X. y. 1) = > mHi(x. y. 1). (4.61)
k=]

Because, for z in layer j, B(X, Y,z t) — Bj(X, ¥, t) = Py 1.0/00 — 9o TN+1ZN+1,
these layer Bernoulli functions B; differ from the continuous Bernoulli function
B(X, v, z, t) only by an inconsequential constant. Note that unlike the pressure func-
tions p} (x,y, zt), Bj and H; are functions only of x, y, and t. Because

1 :

—Vhp; =VaBj, j=1{1,...,N}, (4.62)
Lo

the Bernoulli functions may be used in place of the pressure in the geostrophic relations
so that

19B;  19B

uj = : = ,
. fay’ T ax

= ={1,...,N}. (4.63)
The thermal wind equations for the velocity differences between adjacent layers take
the form

vi 9H;

Vi vi 9H]
f oy’

e i ={1, ..., N 4.64
v {1,....N} (4.64)

Uj = Ujp1 = — Vj —Vj41 =
Because, by (4.63), the horizontal velocity u; = (uj, v;) is independent of z within

each layer, the vertical velocity w;(2) in layer j will have constant vertical gradient
ow;
0z
The boundary condition on vertical velocity in layer | at the layer interface z = —H;,
j ={1,..., N}is, following (3.11) at the base of layer j,

aH .
wj(z=—Hj) = —a—t‘ —Uj - VaHj(x, y,1),  j={1,...,N}. (4.66)
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From (4.64), and with (3.11) at the top of layer j + 1, it follows also that

oH
le(Z— _HJ) = —a—tJ — UJ+1 VhH]
o,

so the vertical velocity w(z) is continuous at the layer interfaces. Equation (4.9) for
conservation of mass may then be integrated vertically within each layer, yielding

oh a(hqu a(h
o (11)_|_ (1v1):

—W, 4.68
at X ay . (4.68)
8hj 3(hjl.lj) 8(hjvj) .
- =0, ={2,..., N}, 4.69
ot T Tax T By = 1 (4.69)

where, by (3.26), the planetary geostrophic vertical velocity w = Wg at z = 0.
In each layer, let

f .
Qj =n j={1,...,N} (4.70)
J
be the potential vorticity, and let
D d ad d .
—| == P — P — ={1,...,N 4.71
Dt | ot Tk tligy {L,.... N} (4.71)

be the material derivative for layer quantities, such as thickness hj, that are indepen-
dent of depth z within the layer. Then, for j > 2,

DQ; D| f
Dt |, tf; hj
f (B 1 Dhj
= — —Vi — — ——
hy \ ' hy Dt
_f (B duj v
“h T T ax T ey
f (,B Bwj)
— _‘Ul —_— — s
hj f 0z
so the potential vorticity is conserved following the motioninlayer j, j = {2, ..., N}:
D .
DQ; =0, j={2,....N} (4.72)
Dt i
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In contrast, if Wg # 0, then the layer 1 potential vorticity Q is not conserved fol-
lowing the layer 1 motion; instead,

D f
) _ . (4.73)
Dt |, hs
From (4.61)—(4.63) and (4.71), it follows that
DB; 0B; .
- =1 ={1,..., N}, 4.74
Dt |, = at j={ } (4.74)
so in steady flow, the Bernoulli functions Bj, j = {1, ..., N}, are conserved following

the motion in the respective layers.
For j > 2, there is an additional simplification for steady flow: because

o(hjuj)  a(hjvj) _

0, j=1{2,...,N}, 4.75
o By j={ } (4.75)
it follows that a transport stream function v can be defined in layer j so that
Vi Vi .
hjUj =—a—yj, hjvj Ia—XJ, ] =1{2,..., N}L (4.76)
Thus, by (4.72) and (4.74), there are functions Q; and B; such that
Qj =Qj(¥)). B =B j={2....N}. (4.77)
With (4.63) and (4.70), (4.76) implies that V,Bj = Q;Vh/j, and so also
. dB;
Qi(yj)=—2, j=12,...,N}. (4.78)
J J dwj

Another useful result for steady flow can be derived from (4.66) and (4.64):
wi(z=—Hj) = —uj - VhH;(x, y, 1)

=—uj- |:_i_k x (Uj — Uj+1)]

Vi

f
= ——Uj -k x Ujt+1
Vi

=—ik-Uj+1XUj, (4.79)
Vi

where K is the vertical unit vector. Thus, in regions such as the subtropical gyre upper
thermocline, where the vertical velocity is downward, the horizontal velocity rotates
clockwise with depth in the northern hemisphere. In addition, Equation (4.79) allows
an estimate of the vertical velocity at the interface z = —Hj—which is typically small
and difficult or impossible to measure directly—to be obtained from the magnitude
and rotation of the geostrophic shear across the interface by integrating the Sverdrup
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vorticity relation (3.8) vertically from the motionless layer N 4- 1 to z= —H;. This

yields the equation
B < f
T > N =w(z=—Hj) = ——k - uj1 x uj. (4.80)

m=j+1 Vi

The relation (4.80) is known as the g-spiral. It allows the vertically integrated

geostrophic Sverdrup transport between the level of no motion and z = —H; to be

estimated from the magnitude and rotation of the geostrophic velocity at the interface

7= — Hj .

4.10 Notes

Gill (1982) provides the equations and tables for a recent standard seawater equation
of state. Linear planetary waves are also known as Rosshy waves, and the internal
and external deformation radii as Rossby radii, in recognition of the contributions of
the meteorologist Carl-Gustav Rossby. The M equation was first derived by \Welander
(1959). The turbulent diffusion term in (4.53) was first introduced into the planetary
geostrophic thermodynamic equation by Robinson and Stommel (1959). Additional
general discussion of shallow-water layer models, including detailed descriptions
of the associated linear quasi geostrophic and ageostrophic waves, and the role of
planetary waves in the spin-up of the wind-forced gyres from a state of rest, is given
by Pedlosky (1987) and Gill (1982).
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Circulation in a Simple Rectangular Basin

5.1 Domain and Boundary Conditions

With the basic large-scale-approximate equations and some of their general properties
established, it is appropriate now to examine the circulation and thermocline structures
that arise in specific solutions of these equations. Even for the simplest case of steady
solutions, in which the flow is independent of time, this requires that a sufficient set
of boundary conditions be specified. This set of boundary conditions is not unique:
a variety of such conditions, which differ in physical and mathematical detail, may
yield solutions of physical interest for the large-scale flow. In general, these sets of
conditions for idealized models of ocean gyre structure and circulation must be chosen
to represent the definitive characteristics of the general physical setting in which these
large-scale features develop.

A fundamental element of the boundary conditions is the geometry specified for
the ocean basin. The simplest such basin is a rectangular domain, restricted to a
portion of one hemisphere, with vertical sidewalls aligned along lines of constant
longitude x = {xw, Xg} and latitude y = {ys, yn} and a flat bottom at the constant
depth z= —H, (Figure 5.1). Such a choice avoids the singularity of the planetary
geostrophic momentum equations that arises at the equator, where the Coriolis param-
eter f vanishes. It also removes a complicating geometric element: the circumpolar
connection that exists around the Antarctic continent in the southern hemisphere,
which will be seen (Chapters 7 and 8) to have significant impact on the surface and
mid-depth circulation. The use of vertical rather than sloping sidewalls may be moti-
vated on the grounds that the lateral scale of the continental slope regions is generally
small compared to the scale of ocean basins.

In this geometry, the simplest surface thermal conditions—which, for these reduced,
temperature-only equations, effectively include the influence of salinity or freshwater
fluxes as well as heat fluxes—must represent the basic meridional gradient in sur-
face heating, with warmer temperatures and less dense surface waters at subtropical

69
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Yn

Ys

Ty Tp

Figure 5.1. Domain geometry for the rectangular, closed, single-hemisphere basin.
The lateral boundaries are vertical, with rigid walls at X = Xg, X = Xw, Y = Vs, and
y = Yn. The rigid, flat top and bottom are at z = 0 and z = —Hy, respectively.

latitudes and cooler temperatures and denser water at subpolar latitudes. Similarly, the
wind stress forcing field at the sea surface must represent the equatorial and tropical
easterlies, and the midlatitude westerlies.

At the rigid boundaries of the rectangular domain, the standard no-normal-flow
condition u - n will generally apply, where n is the unit normal to the boundary,
requiring that

u=0 atx={xg,xw}, v=0 aty={ys, yn} (5.1)
w=0 atz= —Hyp. (5.2)

As discussed earlier in connection with the depth-integrated flow (Section 3.7), how-
ever, even this simple set of conditions cannot be satisfied in general by the planetary
geostrophic equations, which must be supplemented by additional terms that sup-
port, at least, an appropriate western boundary layer. If no-slip conditions are to be
imposed instead, for which the tangential as well as normal components of velocity
vanish, then boundary layers are generally required at all rigid boundaries. Most of the
available analytical theory for the stratified planetary geostrophic equations, includ-
ing that discussed here, does not include explicit treatment of the western boundary
layer and thus is formally incomplete. General assumptions about the behavior of the
flow along the western boundary are frequently made, based on physical intuition
and the character of the boundary layers that arise for simple friction schemes in the
depth-integrated flow. In some cases, the implications of these assumptions can be
explored quantitatively.

For most of the solutions considered here, the surface wind stress forcing will
be imposed through the Ekman transport balance and the proportionality of vertical
velocity to the curl of the wind stress (3.26), while the surface temperature distribution
will be specified directly:

T(X,y,0,t) = Ta(X, y, ). (5.3)

The specified temperature field Ty(X, Yy, t) may be considered to represent a surface
air temperature field with which the temperature of the ocean surface is locally in
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equilibrium. More generally, a surface heat flux Qn may be imposed that is pro-
portional to the difference between the ocean surface temperature Tg(X,y,t) =
T(X, Y, 0,t) and the imposed surface air temperature T,,

Qn(X,y) = —va(Ts — Ta), (5.4)

where v, is an inverse time scale. The imposed ocean surface temperature condition
(5.3) may be interpreted as the limit y, — oo of (5.4), in which the relaxation time
scale is small compared to the time scale of the flow.

As a specific example of idealized forcing functions, We(x, y) and Ta(y) may be
taken as

TN —

27T(y—)/s;)] T(y) = Ts +
’ a - y

YN — Vs

We(y) = W cos [ ;z(y _y).  (655)

where Wy > 0, Ts, and Ty are suitable constants. In this case, there is a subtropical gyre
regime with We < 0 in the region (yn — ¥s)/4 < ¥ < 3(Yn — Ys)/4 and a subpolar
gyre regime with Wg > 0 in the region 3(yn — Ys)/4 <y < yn. There is also a
tropical upwelling regime with Wg > 0 for ys <y < (Yn — Ys)/4, which may be
taken to represent loosely the equatorial Ekman transport divergence and upwelling
that results from the change in sign of f at the equator in the presence of mean easterly
wind stress. An equivalent zonal wind stress structure can be associated with this form
of We(y), according to

y
() =—pof | We(y)dy, (5.6)
Ys
giving the familiar pattern of low-latitude easterlies and midlatitude westerlies. Note
that dz)/dy # 0 at y = ys and y = yy; for the depth-integrated flow with linear
friction (3.40), there are then meridional boundary layers of width [(xg — x)r/B8]*/?
neary = ysand y = yyn. With Ty < Tg, the coldest and densest fluid will be produced
by surface cooling in the subpolar gyre, near y = yy. If this surface cooling results in
density inversions, with denser fluid overlying less dense fluid, convective instabilities
would in general be excited, but such motions have largely been eliminated from
direct representation in the planetary geostrophic approximation. Accordingly, the
effects of these convective motions must generally be represented by ad hoc vertical
rearrangements of the fluid column—convective adjustment—rather than by explicit
solutions of the planetary geostrophic equations.

5.2 Planetary Geostrophic Energetics

Before considering explicit solutions, it is useful to consider the energetics of plan-
etary geostrophic motion. An evolution equation for the potential energy P may be
constructed by taking the time derivative of the integral of the potential energy density
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goz over the volume V; of the ocean basin, where p = —poat T:

dp d
- _ = Vv
i = ai ([, %)

d
= a (— ” g,OootTTZdV>

Dz DT
— _gooa T—dV+f —de)
oo (/VO Dt v, Dt

= —QgpooT [/ wT dV — Kv/ (T|Z:0 — T|Z:_H0) dx dy} . (6.7
Vo Ao

Here turbulent diffusion of heat has been included in the thermodynamic balance
(4.53), the turbulent flux of heat through the ocean bottom is taken to be zero, and the
volume element dV = dx dydz.

A kinetic energy equation may be obtained by multiplying each of the momentum
equations (4.7)—(4.8) by the corresponding velocity and integrating over Vo:

op op op
0=L0[u(pofv—az>+v<pofu—83)+w<—az+gpoaTT)} dv

E)p/ i’p/ E)p/
j— J— —_— V
_/VO( u ~ v y w +g,00aTw|)d

= / [V - (up) + gooarwT] dV
Vo

= —/ We p/dxdy—/ w*p/dxdy+gpoan wT dV. (5.8)
Ao Ao Vo

Here, because u represents the planetary geostrophic flow alone, the upper boundary
condition from (3.25) and (3.27) is w(z = 0) = Wg + w,, where WE is the surface
Ekman pumping velocity and w, is the difference of evaporation and precipitation
rates. The no-normal-flow condition u - n = 0 has been assumed at all solid bound-
aries, and Ag denotes the surface area of the ocean basin at z = 0. Because

1790 /) 9 [t¥
We=Vp-Ug=—|—([Z)-— (=2 .
e = Vn-Ue ,00[3X<f> ay(f)]’ 9)

the first integral in (5.8) may be written as
—/ WEe p'dxdy = —/ Vh-(p’Ue)dxdy-i—/ Un- Tpdxdy,  (5.10)
Ao A Ao

where (Ug, Vg) are the Ekman transports (3.21) and where (3.9) has been used. If there
is no Ekman transport through the lateral boundaries—which, for these large-scale
momentum equations, requires that the tangential wind stress along the boundaries
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vanish—the first of these two integrals vanishes. In that case, the kinetic energy
equation (5.8) reduces to three terms: the area-integrated product of the surface
velocity and surface stress; the area-integrated product of the precipation-evaporation
difference and surface pressure; and the volume-integrated vertical flux of buoyancy:

/ Up - T, dxdy — / w, P’ dx dy + gooat / wTdV =0. (5.11)
Ao Ao Vo

The latter term, proportional to [ wTdV, appears also in (5.7) and represents the
conversion between potential and Kkinetic energy, as relatively denser or less dense
waters are moved vertically, altering the mass field and thus the volume-integrated
potential energy. Note that the balance (5.11) is diagnostic: there is no kinetic energy
storage term because the large-scale approximations imply that the kinetic energy is
negligible relative to the potential energy.

The total energy equation is obtained as the sum of (5.7) and (5.11):

d
—P=/ uh-rwdxdy—/ w, p’ dx dy

+gomar, [ (Tleo = Tloeo 1) dxdly. (5.12)
Ao

The first term on the right-hand side of (5.12) may, in principle, be of either sign; in
general, however, the large-scale surface velocities in the subtropical gyres and the
Antarctic Circumpolar Current are roughly aligned with the great bands of tropical
easterlies and midlatitude westerlies so that this integral over the world ocean is posi-
tive, providing the energy source for the wind-driven circulation. As might be inferred
from large-scale surface salinity distribution (Figure 1.2), evaporation typically dom-
inates in the high-pressure subtropical latitudes, and precipitation dominates in the
low-pressure high latitudes, so the second term on the right-hand side is typically neg-
ative. However, it is also relatively small because of the small effective precipitation
and evaporation velocities. Finally, because surface temperatures are generally greater
than bottom temperatures, the last term is also positive; it is through this term that the
turbulent diffusion represented by «, becomes a source of energy for the diffusively
driven circulation.

Thus the dominant terms in (5.12) are source terms, and the energetics do not bal-
ance. In numerical solutions in closed basins, energetic balance is generally achieved
through the same additional friction and diffusion terms that are added to the momen-
tum and thermodynamic equations to support the needed lateral boundary layers and
through convective adjustment schemes. The convective adjustment terms are espe-
cially critical to the global heat and energy balance. They must be introduced because
the planetary geostrophic dynamics allow density inversions, in which denser fluid
overlies less dense fluid, to be maintained on long time scales, a situation that does
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not persist in nature because of convective or gravitational instabilities that have been
largely filtered out of the planetary geostrophic dynamics.

Convective adjustment schemes modify the vertical profile of density in such cases
by rearranging or mixing the fluid column so that the stratification is neutral or
positive. For the thermocline equations (4.7)—(4.10), this means that at each (x, y),
the temperature profile T(x, y, z) must satisfy

oT

—— >0 for—Hy<z<0. 5.13
a7 > or —Hy<z< (5.13)

The vertical fluxes implied by the associated instantaneous vertical adjustment are
generally required to preserve the total heat content,

0 0

/ Tafter dz = f Tbefore dZ, (5.14)
—Ho —Ho

where Tsser and Thefore are the temperature profiles before and after the adjustment,

respectively. Because the effect of this rearrangement is always to raise less dense

(warmer) fluid and denser (cooler) fluid, it follows that

0 0
/ Z Tafter dz > / Z Thefore dz. (5.15)
—Ho —Ho

Thus such schemes always decrease the potential energy of the large-scale state.
Because ocean convection occurs on relatively small horizontal scales, it is generally
assumed that there is no resulting source of mechanical energy for the large-scale
flow, and it is only through the rearrangement of the mass field that the convective
adjustment parameterization is allowed to act. The potential energy that is thereby
released from the large-scale field is presumed to drive the small-scale convective
motion that would accomplish the parameterized vertical adjustment or to be dissi-
pated locally. Convective adjustment schemes of this general type may be included as
a component of a numerical solution procedure for the large-scale equations, or the
condition (5.13) may be invoked directly as a constraint on analytical calculations.
For a general equation of state, the stability condition (5.13) must be replaced by
N2 > 0, where N? is given by (2.74).

5.3 Thermocline Scaling

The warm water of the upper and main subtropical thermoclines extends from the
tropics to midlatitudes and from the surface to a depth of roughly 500-800 m in
all the subtropical ocean basins (Figure 1.4). The corresponding band of latitudes
is roughly demarcated by the easterly trade winds on the equatorward sides and by
the midlatitude westerly winds on the poleward sides. This layer of warm water is
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relatively shallow, covering at its deepest points no more than one-fifth of the ocean’s
mean depth. Thus it has the character of a surface-trapped boundary layer.

Scaling estimates can be used to obtain the corresponding characteristic depth
scale for this boundary layer and provide an estimate of thermocline depth and its
dependence on parameters. In general, one might hope to use an associated boundary
layer balance to simplify further the equations (4.7)—(4.9) with (4.53) or the equivalent,
single, fifth-order partial differential equation (4.57). However, with the exception of
the choice regarding inclusion or neglect of the turbulent heat diffusion in (4.53), no
additional simplifications are possible, and the scales instead reflect a balance of all the
included terms; that is, the planetary geostrophic equations themselves may already
be considered to form a set of simplified boundary layer equations for the subtropical
main thermocline. Nonetheless, it is still possible to derive useful thermocline depth
scales by this approach.

First, consider the adiabatic large-scale asymptotic equations (4.7)—(4.10), without
the turbulent heat diffusivity «,. Let D4 be the unknown scale depth of the thermocline,
and let V, and P, be the corresponding unknown horizontal geostrophic velocity
and hydrostatic pressure scales, respectively. Let the vertical velocity scale be set
by the Ekman pumping velocity from (3.26), for which a characteristic value is
Wg =W =10"°ms?a30myr? asin (2.1). Then, with other scales also as in
(2.1), Equations (4.7)—(4.10) may be replaced by scaling balances:

P

foVa = —, (5.16)
poL
P
—2 = pogar ATs, (5.17)
Da
Va WE
A = 5.18
L~ D. (5.18)
L Da '

the last two of which are redundant. Here the surface temperature difference ATg
has been used for the characteristic temperature scale under the assumption that the
temperature of the deep fluid beneath the thermocline is approximately equal to that
of the coldest surface fluid. Note that the continuity equation scaling (5.18) can be
replaced by a scaling of the Sverdrup vorticity relation (3.2) without changing the
essential result since fo ~ L.

Equations (5.16)—(5.19) may be solved to obtain

foL2We \ /2 WeL
= V, = P, = ATsD,. 5.20
<gaTATs) s a D, , Fa gor sUa ( )
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Because the thermodynamics are purely adiabatic and advective, the depth scale D,
is called the advective scale for thermocline depth. Through the Ekman pumping
velocity scale WE, it is proportional to the square root of the amplitude of the wind
stress. Substituting characteristic dimensional values for the parameters in (5.20)
yields the dimensional scales

Daa500m, Va=~10"2mst (5.21)

Thus the advective scale D, for thermocline depth is comparable to the observed
depth of the main thermocline in the subtropical gyres (Figures 1.4-1.7).

Alternatively, an advective-diffusive scale for thermocline depth can be obtained
by including the turbulent diffusion term, proportional to «,, in the thermodynamic
equation, as in (4.53), and allowing the corresponding vertical velocity scale W; to
be determined from the scaled balances rather than imposed. Let § be the unknown
advective-diffusive scale depth of the thermocline, and let Vs and Ps be the corre-
sponding unknown horizontal geostrophic velocity and hydrostatic pressure scales,
respectively. Then the scaling balances are

P
foVs = —0, (5.22)
pol
Ps
D. — 9ot ATs, (5.23)
8
Vs W,
2= (5.24)
L Ds
V§ATS WaATS 8TS
) = Ky—/5- 5.25
[ L Da } g2 (5:25)
Equations (5.22)—(5.25) may be solved to obtain
fol 2k, 173 K, L Ky
5= , Vs=—, Wy=—, Pj= ATSS. 5.26
(gaATs> 5= 52 5= s =0garAls (5.26)

The advective-diffusive scale § is thus proportional to k', and the induced vertical
velocity W; is proportional to k2’3, A suitable estimate of «, in the subtropical
thermocline, based on measurements of turbulent dissipation and tracer dispersion, is
Ky = 1.5 x 107> m? s7% & 100 x7, which gives

§~150m, V;~03x102mst, W;~10"ms™ (5.27)

Thus, with this estimate of «,, the advective-diffusive scale gives a scale depth that
is several times smaller than the observed depth of the main thermocline in the
subtropical gyres. In addition, Wij is an order of magnitude smaller than Wg.
Because Ws <« WE, and § is several times smaller than Dy, it may be anticipated
that the primary effect of the turbulent diffusion «, is felt only in an internal boundary
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layer at the base of the wind-driven layer, where the vertical velocity associated with
the wind-driven geostrophic motion vanishes. In this case, the horizontal velocity
and the horizontal slope of the isotherms will be fixed by the advective, wind-driven
motion. With this modification, the diffusive scaling equations (5.22)—(5.25) become

AT,
fOVa/aiZ—ga-: :, (5.28)
i
Va W
2= (5.29)
L~ s
VaATs WAT. AT,
i e Y ey (5.30)
L 5 82

where §; is the unknown internal boundary layer thickness scale and V; and W, are
the corresponding horizontal and vertical velocity scales, respectively. In the thermal
wind equation (5.28), which replaces the geostrophic and hydrostatic relations, the
horizontal scale I; is fixed by the vertical scale & and the isotherm slope D,/L from

the wind-driven motion so that |; = §;(Da/L). These equations may be solved to
obtain
fol 2k, \Y? »Da\ 2 :
5= (—— ) (%2} ow=2 (5.31)

Thus the internal boundary layer thermocline thickness scale & and vertical velocity

scale W, are both proportional to «;/2. The estimate «, = 1.5 x 10~5 m? s~1 gives

§~90m, W ~2x10"ms (5.32)

In this case, & and W, are both five times smaller than the respective advective scales
D, and WE. This is consistent with the inferences that advective processes dominate
near the surface, and that the wind-driven Sverdrup balance sets the horizontal velocity
scale, while the smaller diffusive circulation becomes significant only near the base of
the wind-driven motion. The separation of scales is less than an order of magnitude,
however, so the associated circulations will not be entirely independent. Nonetheless,
the separation is sufficient to motivate the consideration first of a purely adiabatic,
wind-driven theory and then the subsequent introduction of diffusive effects as a small
perturbation to the adiabatic circulation.

In review of these scaling results, it may be noted that the scales V, and D, differ
by factors of 10 from the corresponding scales U and D in Section 2.1 that were used
in the derivation of the planetary geostrophic approximation. Use of these modified
values in that derivation gives the same result so that the approach remains internally
consistent. The same is true for the sets of scales arising in the advective-diffusive and
internal boundary layer scalings, provided that the full corresponding set of modified
depth and velocity scales is used in each case.
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/f z=—hg

z = —h1

Figure 5.2. Schematic zonal cross section vs. longitude x and depth z for the one-
layer reduced-gravity model with layer thickness h; in the subtropical gyre. At the
eastern boundary x = xg, the layer thickness is hy(xg, y) = hg and the base of the
layerisat z = —hg.

5.4 The One-Layer Model

The warm waters of the subtropical upper thermocline may be most simply represented
as asingle, homogeneous layer of warm fluid in steady motion, subject to the action of
a time-independent wind stress at the surface and lying above a deep motionless layer
of cold fluid (Figure 5.2). This is a reduced-gravity layer model with one active layer:
N = 1. For simplicity, let the eastern and western boundaries be lines of constant
longitude, at X = Xg and X = X, respectively.

For N = 1, H; = hy, and the horizontal momentum equations are

14B ah 10B ah
1____1=_ﬂ_1, 1:__1=ﬁ_1. (5.33)
f oy f ay f ox f ox
Thus the vertically integrated geostrophic meridional transport is
Y1 8h‘]2_
hiv; = ——= 5.34
1V1 2F ax ( )
and the geostrophic Sverdrup transport relation (3.28) may be written as
By1 ohZ
————= = w|z—0 = WE. 5.35

This may be integrated westward from the eastern boundary x = xg to obtain the
solution for hy,

hi(x, y) = [h2 + D2(x, y)]"%, (5.36)

where the eastern boundary depth hg of the warm layer is a boundary condition that
must be provided, and the function

2 2f2 X ’ /
i ) = 7 [ Wl ) dx
I JXe

2 X y X
_ 2t / [i (’_’”) _9 (’—w)} dx’ (5.37)
Briro Jxe LoX \ f ay \ f
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can be computed directly from the imposed wind forcing, with j = 1 in (5.37) for
the one-layer model (5.36). Note that by (5.33), the no-normal-flow condition u = 0
at the eastern boundary x = xg implies that 3h;(Xg, y)/dy = 0, so it is consistent to
take hg = constant.

The solution (5.36)—(5.37) shows that in the subtropical gyre, where the Ekman
transport is convergent and the Ekman pumping is downward (Wg < 0), the depth
h; of the warm layer increases westward from the eastern boundary. The depth of
the warm layer also increases with meridional distance from the equatorward and
poleward edges of the gyre, where We = 0, toward the center of the gyre, where the
magnitude Wg of the downward Ekman pumping is maximum. Thus the depth h; has
a half-bowl shape, reaching its maximum depth adjacent to the western boundary in
the meridional center of the gyre. Because fo ~ SL, dimensional values of D; will
be comparable to those of D in (5.20), with the same square root dependence on WE.

The solution (5.36) does not satisfy a no-normal-flow condition at the western
boundary because in general, dh;(xw, Yy)/dy # 0. For this one-layer model, a simple
frictional boundary layer similar to that in (3.52) could be included; however, ana-
Iytical extensions of even this simple frictional closure quickly become difficult in
multilayer models. Instead, it is assumed here that western boundary layers can exist
that close the circulation. It should be recognized that any influence such boundary
layers may have on the interior solution will likely not be properly represented in the
resulting circulation theories.

At the subpolar boundary y =y, of the subtropical gyre, the Ekman pumping Wg
vanishes, by definition, so that h; = hg, and there is no interior geostrophic flow. If the
wind stress is purely zonal, however, the equatorward Ekman transport will have a local
maximum at y = Vyy,. Thus there is ageostrophic transport across the gyre boundary
into the subtropical gyre. If the meridional flow in the western boundary layer is
geostrophic, then the total zonally integrated geostrophic meridional transport is

2f

Here hyy = h(Xw, Yb) is the depth at y =y, of the layer at the western boundary,
west of the western boundary layer (Figure 5.3). In steady state, for the closed basin,
this poleward geostrophic transport must balance the equatorward Ekman transport
across the gyre boundary,

XE Xe X
Mg =/ Vedx = —f - dx (539)

Xw Xw pOf

Xg
MG = / hlvl dx = ﬂ (hlzz — h\ZN) . (538)
Xw

so that the volume of warm, subtropical gyre fluid remains constant. If the minimum
values of hyy and hg are chosen that satisfy Mg + Mg = 0, the result is

2 XE 1/2
Y100 Jxw
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Figure 5.3. Schematic zonal cross section vs. longitude x and depth z for the one-
layer reduced-gravity model at the subtropical-subpolar gyre boundary y = y,. At
the eastern boundary x = xg and in the interior xyw < X < Xg, the layer thickness is
h1(Xg, Yb) = hg and the base of the layer is at z= —hg. At the western boundary
X = Xw, the layer thickness is hi(xw, Yb) = hw and the base of the layer is at
z = —hy. The transition from the interior thickness hg to the western boundary
thickness hyy occurs in a narrow western boundary layer, which supports geostrophic
flow across the gyre boundary.

z = 7hVV N

z = —h;-)

This closes the problem for hy, completing the solution (5.36) in terms of the imposed
forcing and specific parameters. Note that with this closure, the scale estimate for hg
differs from those for D, and D, only by the factor (L. /L)% ~ 1/2 and thus has a
similar square root dependence on the amplitude of the wind forcing.

The choice of the minimum hyy, and hg in the closure (5.40) can be motivated by
appeal to a thermodynamic argument: in the absence of forcing, the warm water in
the subtropical thermocline would tend to drain to the polar regions, where it would
cool, and thus the existing pool of warm water should be the minimum volume that is
maintained by the forcing. On the other hand, other balances are certainly possible; for
example, this closure neglects a similar balance of Ekman and geostrophic transports
that must evidently be operating at the equatorward boundary of the subtropical gyre.
Its value lies at least in part in its illustration of the role that geostrophic intergyre
transports can play as constraints on basic elements of gyre and thermocline structure.

5.5 Multilayer Models. The Ventilated Ther mocline
A Two-Layer Model

The temperature of the surface waters of the subtropical gyres generally increases
equatorward, while the surface density increases poleward (Figures 1.1 and 1.3). The
lateral temperature and density variations associated with these meridional surface
gradients are similar in magnitude to the vertical temperature and density variations
across the subtropical upper main thermocline. Thus the representation of the warm
water volume of the subtropical gyres by a single fluid layer of homogeneous temper-
ature and density is ultimately inadequate even as an idealized model of the qualitative
structure of the subtropical gyre circulation.



5.5 Multilayer Models: The Ventilated Thermocline 81

z

T Y Yy =1Y2
- z2=0

Ty, ur, vi,

z=—H; Ts, us, va, ho
z=-Hyp—m——""™———"

Figure 5.4. Schematic meridional cross section vs. latitude y and depth z for the
two-layer ventilated thermocline model of the upper subtropical gyre. North of the
outcrop latitude y = y», the layer 1 thickness h; vanishes, and layer 2 is the only
active layer. South of y = y,, h; > 0, and there are two active layers: layer 1, which
is locally exposed to surface forcing, and layer 2, which is locally shielded from
surface forcing by layer 1.

The simplest model that represents the lateral as well as vertical structure of the
subtropical thermocline is a two-layer model, in which the warmer of the two moving
layers is confined equatorward of a fixed latitude, poleward of which only the colder
layer exists. This dividing latitude is the most equatorward latitude at which the
colder layer outcrops at the surface. The lateral temperature and density gradients at
the surface are represented in the model by the discontinuous surface temperature and
density changes across the layer interface at this outcrop latitude.

For the two-layer model, N = 2 in (4.59), and the deep motionless layer is layer
N + 1= 3. Let y =y, be the outcrop latitude so that for y > y, (in the case of a
northern hemisphere gyre), the layer 1 thickness h; vanishes, and layer 2 is in contact
with the surface, while for y < ys, there are two moving layers, with layer 1 in contact
with the surface and layer 2 insulated below (Figure 5.4).

For y > y,, where there is only a single layer in motion, the solution for the
moving-layer thickness hy(x, y) can be obtained from the single-layer solution (5.36)
by replacing the index j = 1 everywhere with the index j = 2 for layer 2. Thus, in
this model, any changes in gyre structure because of the appearance of the second,
warmer surface layer at y = y, are confined to y < v», equatorward of the outcrop.
Note that if, for example, the western boundary layer were allowed to influence the
interior, the northward flow of warm water in the western boundary current could alter
the interior gyre structure for y > ;.

For y < y», there are now two layers in motion. The depth-integrated geostrophic
transport is

1 oH, ohy dH,
h h,vs = — | h —= — hy, yp —=
101 + Nav2 f[1<)/2 ax +)/18X)+ 22 ax}
Y2 0 2 2
=-——(H I'iHy), 5.41
2f8x( 2 +T1H7) (5:41)
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where, ingeneral for j =1,... N,
Vi

Ij=—, (5.42)
Vi+1
and the geostrophic Sverdrup transport relation (3.30) may be written as
By2 0 2 2
——(H I'H) = WE. 5.43
272 9x ( 2 + 1 1) E ( )
The no-normal-flow condition on the eastern boundary x = xg implies that
Hi(xg,y) =0, Ha(xe,y)=he (5.44)

because h; = H; = 0fory > y», so the Sverdrup transport relation may be integrated
to obtain

HZ + ' H2 = hZ 4 D3(x, ). (5.45)

Here, for the two-layer model, DZ(x, y) is computed from (5.37) with j = 2. This
does not complete the solution, however, as a second relation is needed to solve
separately for H; and H; or, equivalently, to determine how the geostrophic Sverdrup
transport is distributed vertically over layers 1 and 2.

The Ventilated Regime

In the region y < y,, equatorward of the outcrop, layer 2 is shielded from the action
of the wind by layer 1 above it. In the central part of this region, the required relation
between H; and H, can be obtained from the conservation properties of the flow in
layer 2.

For steady flow, the potential vorticity and Bernoulli equations (4.72) and (4.74)
reduce to

U, - Vh Qz =U;-VhH, =0 (5.46)
which, with the stream function v, defined in (4.76), implies
Q2 = Qa(¥2), Bz = By(vn). (5.47)

Let (x, y) be a point equatorward of the outcrop so that y < y», and suppose that a
layer 2 trajectory can be followed backward (poleward) from (x, y) to a point (X', y»)
at the outcrop, where xw < X’ < Xg (Figure 5.5). By (5.46), the Bernoulli function is
conserved along this trajectory so that Ha(X, y) = Ha(X/, y2). Aty = y,, hy = 0, and
thus

Ha(X, y) = Ha(X', y2) = hao(X', yo). (5.48)

At (X', y2), the potential vorticity Qa(X’, y2) = f2/ha(X', ¥2), where f, = f(y,) is
the value of the Coriolis parameter f at the latitude y = y,. By (5.46), Q> is also
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Figure 5.5. Schematic fluid-parcel trajectory in the subsurface layer 2, connecting
the unknown point (X, y,) at the outcrop latitude y = vy, where the layer 1 thickness
vanishes, to the given point (x, y).

conserved along the trajectory so that

f(x,y) , f
X, V) = = X/, = — . 5.49
Qa(X, y) ha(x.Y) Q2(X', ¥2) ha (<. Y2) (5.49)
From (5.48) and (5.49), it follows that
fa
Ha(x,y) = fx.y) ha(X, y) (5.50)
and therefore that
f
Hi(x,y) = (1 - f_z> Ha(X, y) (5.51)

since h2 = H, — H;.

Equation (5.51) is the required second relation between H; and H, at (X, y). This
relation can also be obtained directly by evaluating the general functional dependen-
cies (5.47) at the outcrop y = y», where h, = H,. Because B, = y, Hy,

fo_rfo

Qz(lﬁz) = Qz(Bz) = hy ?2 aty =y, (5.52)

and this implies that

Q2 = Qu(y2H) = I:_Zg (5.53)
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atany point (X, y) connected to the outcrop by a streamline, from which (5.50) follows.
The solution for H, can then be obtained from (5.45) and (5.51), which together yield

1/2
hg + D3(x. y)

1+r1<1—fg)2

Ha(X, y) = (5.54)

With H, known, Hy can in turn be obtained from (5.51).

This completes the solution in the region in which layer-2 trajectories can be
traced back to the outcrop to obtain the relation (5.51). Because properties of the
subsurface layer 2 in this region have been set through its upstream exposure to
surface conditions in y > s, prior to its subduction beneath layer 1, this region may
be considered a ventilated regime. The two-layer model provides the simplest example
of this ventilated thermocline structure.

The solution (5.54) for H,, the depth of the interface at the base of the moving fluid
in the two-layer model, can be seen as a minor modification of the solution (5.36) for
the depth h; of the interface at the base of the moving fluid in the one-layer model. The
only difference is a factor that depends on the ratios of the reduced gravities and of the
values of the Coriolis parameter at the local and outcrop latitudes. If y, in (5.54) is set
equal to y; in (5.36), this factor is always greater than or equal to 1; thus the effect of
additional upper-layer stratification is always to confine the Sverdrup transport closer
to the surface. On the other hand, if the sum j; + y» in the two-layer model is set
equal to y; in (5.36), the depth of the moving fluid in the two-layer model will be
greater than that in the one-layer model so that the effect of distributing the same total
stratification over the two moving layers is a deepening of the wind-driven motion.
In either case, the base of the moving layer will retain the qualitative half-bowl shape
of the one-layer solution, and the curves of constant H,, which determine the fluid
trajectories in layer 2, will be roughly semicircular and concave toward the west or
northwest.

The solution (5.51) for the upper-layer thickness H; in terms of H, shows that
remarkably, the ratio of H; to the total depth H, of the moving fluid depends only
on the local and outcrop latitudes. This ratio is independent of the reduced gravities
y1 and y, and of the structure of the forcing Wg. This is the result of the strong
constraints placed on the subsurface flow by the conservation of potential vorticity
and Bernoulli function along the layer-2 fluid trajectories.

The shape of these trajectories, the contours of constant Hy, is critical, because
the solution (5.51) and (5.54) for y < Y, has been derived under the assumption that
the trajectory passing through the point (x, y) also passes through the outcrop y = y»
within the zonal extent [xy, Xg] of the basin. To determine the domain of validity of
this solution, it is necessary to compute the trajectories that pass through the outcrop
at the zonal extremes of the basin, X = xyw and X = Xg.
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Shadow Zone

Consider first the trajectory leaving the point (Xg, Y2), where the outcrop intersects the
eastern boundary. Denote this trajectory by (x, y) = [xs(Y), y]. By (5.48), it follows
that

Ha[xs(y), y] = he (5.55)

since hy(Xg, ¥2) = hg. From the interior solution (5.54) for H,, it follows that

2
ru@=~%>hé=Dﬂ&wxw, (5.56)

which is an implicit equation for xs(y). Suppose that WE is independent of x. Then
(5.56) can be solved explicitly, yielding

_ Byiht AN
Xs(y) = Xe + WE(Y) (1 - f_2) . (5.57)

Asy — y,, f — f,, and therefore xs(y) — Xg asy — s, by construction. Because
WE is negative in the subtropical gyre, and all other quantities in the second term of
(5.57) are positive, it follows that xs(y) < Xg for y < y», so the trajectory follows
a course equatorward and westward from the eastern boundary into the subtropical
gyre interior (Figure 5.6).

Between xs(y) and the eastern boundary, that is, for (x, y) with Xs(y) < X < Xg
and y <y, layer-2 trajectories cannot be traced back to the outcrop latitude, and the
solution (5.51) and (5.54) does not hold. Because H, = hg on both boundaries of this
region, a consistent assumption is that H, = hg throughout the region. In this case,
layer 2 is mationless throughout the region, which may be considered to be in the
shadow of the eastern boundary; for this reason, it is called the shadow zone. All the
Sverdrup transport in the shadow zone must be carried by layer 1, so the one-layer
solution (5.36) applies, which yields

Hi(x, y) = [D2(x, )]7%,  Xs(y) < X < Xe (5.58)

since layer 1 has vanishing depth at the eastern boundary. With (5.55) and (5.56),
it is straightforward to verify that the solutions (5.51) and (5.58) for the upper-layer
thickness are continuous at the shadow-zone boundary x = xs(Yy).

Western Pool

Consider now the trajectory leaving the point (Xxw, ¥>), where the outcrop intersects
the western boundary. Denote this trajectory by (X, y) = [xp(y), y]. By (5.48), it
follows that

Ha[Xp(Y), Y] = Haw, (5.59)
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Figure 5.6. The shadow zone ([xs(y), y]) and western pool ([xp(Y), y]) boundary
trajectories in the subsurface layer 2. The origination point of xs(y) is located at
(Xg, ¥2), where the outcrop latitude meets the eastern boundary, and xs(y) is tangent
to the eastern boundary at that point. The origination point of xp(y) is located at
(Xw, Y2), where the outcrop latitude meets the western boundary; the figure shows
the case in which the latitude of maximum downward Ekman pumping velocity is
equatorward of y = y».

where Haw = Ha(Xw, Y2), and because Hy(Xx, y2) = 0,

Haw = [h2 + D3(xw. y2)]/* . (5.60)
From (5.54), it then follows that
f 2
[1 + I (1 - f_2> } Haw = h& + D[xp(¥). Y1, (5.61)

which is an implicit equation for xp(y). If, again, it is assumed that W is independent
of x, the solution for xp(y) may be obtained explicitly, yielding

Br2 F\? o
Xp(y):XW_WE(y) Iﬂ1<1—f—2> he

£\2
+ [1 +I (1 — f_2> :| [DZ(xw. ¥2) — D3 (Xw, Y)]] . (5.62)
Asy — vy, f — f,, and therefore xp(y) — xw as y — Y, by construction. The
quantity We is negative in the subtropical gyre, so if the term in the brackets in
(5.62) is positive for y < y», the trajectory xp(y) follows a course equatorward and
eastward from the western boundary into the subtropical gyre interior, whereas if it
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is negative, the trajectory Xp(y) is directed westward and terminates immediately.
At y = y,, the term in brackets vanishes, and its derivative with respect to y is
equal to —dD5(xw, y)/dy, evaluated at y = y,. Thus, if d[ f?We(y)]/dy > 0 at
y = Vs, Xp(Y) enters the interior, whereas if d[ f?Wg(y)]/dy < 0 at y = vy, Xp(y)
terminates immediately. These derivatives are typically dominated by dWg /dy; thus
the trajectory xp(y) will enter the interior if the outcrop latitude y = v, is sufficiently
poleward of the latitude of maximum Ekman pumping We and will not if the outcrop
latitude is sufficiently equatorward of that latitude. In the former case, the trajectory
x = Xp(Yy) must have an approximately semicircular structure since, by (5.59), it is
a contour of constant Hy, which, in turn, according to the preceding discussion, has
the structure of a half-bowl deepening toward the west. In this case, the trajectory
X = Xp(Y) separates the interior domain to its east in which the solution (5.51) and
(5.54) is valid from an isolated western pool region in which layer-2 trajectories
cannot be traced back to the layer-2 outcrop (Figure 5.6). As for the shadow zone
adjacent to the eastern boundary, an additional assumption is required to obtain the
solution in the western pool.

If it presumed that the subsurface layers of the western boundary current are
adiabatic to first order so that they return fluid to the interior at the same density
and temperature at which they receive it from the interior, then the western boundary
current cannot provide a net source of fluid to subsurface layers in the western pool
region. Because the bounding trajectory x = Xp(y) is a streamline for layer-2 flow
and there are no outcrops of layer 2 in the western pool, there is then no source at
all for layer-2 fluid in the western pool. The natural conclusion is that there is then
no layer-2 fluid in the western pool; instead, the pool must fill entirely with layer-1
fluid, which is continuously supplied by Ekman pumping at the surface. In this case,
H, = H; in the western pool, and the Sverdrup balance (5.45) yields the solution

1/2
Hi(X, y) = Ha(x, y) = {yl ’f ” [hZ + Di(x, y)]} (5.63)

in the western pool region X < xp(y). Note that H,; and H, then have discontinu-
ities at x = xp(Yy); some additional considerations, which will not be pursued here,
are required to show that only small modifications to the trajectory x = xp(y) are
sufficient to obtain a consistent theory that incorporates the dynamics at the pool
boundary. The ventilated pool solution (5.63) suggests that the western pool region
will be marked by weak stratification in the upper thermocline because the sur-
face fluid fills the pool to the base of the wind-driven layer. In this way, it offers
a simple theory for the existence of the weakly-stratified subtropical mode waters
that are found in the poleward and western corners of all the ocean’s subtropical
gyres.

An alternative assumption is that the potential vorticity inside the pool region is
homogenized and equal to its constant value on the bounding contour x = Xp(Yy).
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The theoretical motivation for this assumption will be deferred to Chapter 6; here
only its consequences are considered. Along the bounding trajectory x = Xp(y), Hy =
How and Q, = f,/Hw, and the assumption of potential vorticity homogenization
therefore implies that

f
Qux.Y) = 5 Xw < X < Xp(Y). (5.64)
2W
Because, by definition,
Q2= f/hy, (5.65)

it follows from condition (5.64) that

f
Hy — Hp = f—szw, (5.66)

which, with the Sverdrup relation (5.45), yields a quadratic equation for H inside the
pool region:

f

The branch of the solution of the quadratic equation (5.67) should be chosen so
that H, = How at x = xp(Yy). The layer-1 thickness may then be determined from
(5.66). With homogenized potential vorticity in the western pool, the layer-2 thickness
h, is a function of latitude only and decreases monotonically with latitude because
h, = (f/f;)Haw and f, and Hyw are constants. The continuity of Q at X = Xp(Yy)
ensures that both h, and h; are continuous across the edge of the pool. Thus, in
contrast to the case of the ventilated pool, no special considerations are required at the
pool boundary. The ventilated pool and potential vorticity homogenization theories
for the structure of the western pool region are founded on contrasting assumptions:
in the first, ventilation is presumed to dominate, expunging the subsurface fluid and
filling the pool with ventilated fluid, whereas in the second, time-dependent mesoscale
processes are presumed to sustain the recirculating subsurface layer and, in concert
with the relatively rapid recirculation, to control the structure of the unventilated layer.

f f2
(14 T1) HZ — 2T —HowHy = h2 + D3(X, y) — Flﬁ Hiw- (5.67)
2

N-Layer Models

The ventilated thermocline theory can be extended to an arbitrary number N of moving
layers by successively determining the functional relations (4.77) at the layer outcrops
(Y=Y, Vi <Vj+1, ] =2,...,N},asin (5.52)—(5.53) for N = 2. With sufficiently
large N, essentially continuous representations of the meridional surface and verti-
cal interior temperature and density gradients are possible in principle, replacing the
idealized abrupt contrasts at the outcrop latitudes in models with small N. However,
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analytical solution of the problem for N > 3 is awkward, in part because each inter-
section of the shadow zone or western pool trajectories with the overlying outcrops
spawns new sets of bounding trajectories and corresponding sets of new subdomains,
in which new relations between the potential vorticities and stream functions must be
obtained.

The qualitative structure of the multilayer solutions remains similar to that of the
two-layer solution. The ratio of the depths of the ventilated subsurface layers j for
any j < N — 1 to the total moving fluid depth Hy for N > 2 remains dependent on
the local and outcrop latitudes and independent of the imposed Ekman pumping We.
In contrast to the result for N = 2, however, this ratio may depend on the reduced
gravities y;. For example, with N = 3, the equation analogous to (5.51) for the
thickness h, of layer | = 2 is

o £\ 142 (1= 1)
he =+ (1—f—2) () Hs. (5.68)

In the ventilated pool, the multilayer solutions develop horizontal but not vertical
gradients as the uniform pool of layer 1 fluid in the two-layer model is replaced by
a nested set of annuli of successively outcropping layers, with layer 1 at the center
and layer N — 1 at the outer annulus. The homogenized western pool regions of
successively deeper layers are successively smaller and more tightly confined to the
poleward, western corners of the subtropical gyre.

If the eastern boundary depth hg of the deepest moving layer is set to zero, so
that there is no shadow zone, and the western boundary xw — —oo, so that there
is no western pool, the N-layer model may be solved for arbitrary N by a recur-
sive algorithm. Other important extensions beyond the theory presented here include
representations of finite mixed-layer depths. In the preceding discussion, the upper-
layer depth is assumed to decrease gradually to zero as the lower-layer outcrop is
approached; with finite mixed-layer depths, a final portion of this decrease is allowed
to occur abruptly at the outcrop latitude, introducing new effects into the dynamics of
subduction of the density layers at the outcrops.

5.6 Internal Boundary Layer Theory

The adiabatic theory of the subtropical gyre thermocline, the one-layer and multilayer
ventilated thermocline models, is motivated by the basic observation that the wind-
driven Ekman vertical velocities near the surface are much larger than the vertical
velocities induced by the turbulent vertical diffusion of heat. In all these models,
however, the vertical velocity decreases monotonically with depth from the surface
until it vanishes at the base of the wind-driven motion, the interface at the base of the
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deepest moving layer. The vanishing of the vertical velocity at this interface follows
from the absence of any motion in the fluid below and from the continuity of the
vertical velocity.

Near the base of the wind-driven motion, then, the magnitude of the small, diffu-
sively driven vertical velocity will equal or exceed that of the wind-driven vertical
velocity. In this region, the adiabatic theory will no longer be valid, and it is necessary
to consider theories that incorporate a representation of the turbulent heat diffusion.
The simplest such representation, in which the vertical turbulent flux of heat is mod-
eled by down-gradient diffusion with constant thermal diffusivity «,, results in the
modified thermodynamic equation (4.53).

Because it is the region at the base of the wind-driven motion that is of interest
here, the representation of the upper thermocline is of secondary importance, and
an adequate starting point is provided by the one-layer adiabatic model described in
Section 5.3, which has the solution (5.36) for the thickness h; of the moving layer.
The inclusion of the small vertical heat diffusion (4.53) can be anticipated to lead
to the development of a diffusive internal boundary layer at the base of the moving
layer, z = —hy(X, y), where the adiabatic theory represents the sharp vertical thermal
gradient as a discontinuity across the layer interface (Figure 5.7).

Let the stretched internal boundary layer coordinate ¢ be defined by

¢ = [z+hy(x, y)1/8, (5.69)

where the internal boundary layer thickness scale §; will turn out to be equivalent to that
in (5.31). The matching conditions on the temperature outside the internal boundary
layer require that the boundary layer temperature approach the temperatures T; and
T, of the adiabatic layers above and below the interface, respectively:

T@)—> T, ¢—oo and T()—> Ta, ¢ — —o0. (5.70)

Similarly, the matching conditions on the vertical velocity require that the vertical
velocity approach the wind-driven vertical velocity w;(z) in the moving layer above
the interface; because the horizontal velocities are independent of depth in the moving
layer, w1 must be a linear function of z:
Z+h WEe
h >w|z=o=5i§h—, { — oo. (5.71)
1

w(¢) = wy(2) = (

In the layer beneath, the adiabatic motion vanishes, and the matching condition
requires that the vertical velocity vanish to first order outside the boundary layer; a
constant vertical velocity w, of order §;, induced by the diffusion, is allowed:

W — Weo = §jwg, ¢ — 00, (5.72)

where wy is a constant to be determined.
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Figure 5.7. Schematic profiles of (top) temperature and (bottom) vertical velocity for
the internal boundary layer thermocline model (5.80). The internal boundary layer has
width §; and is located at z = —h;. It is a transition layer between different, uniform
temperatures T; above and T, below and between uniform Ekman-forced, vertical
convergence dw/dz < 0 above and weak, diffusively driven upwelling below.

It is convenient to derive the equations for the internal boundary layer using the M
equation form (4.57) of the planetary geostrophic equations. A solution valid through
the boundary layer may be sought in the form

1
M(X, Y, 2) = gat {EZZTZ +82(Ty — To)AX, Y, ¢(X, Y, z)]} , (5.73)
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where, for clarity, the dependence of ¢ on X, y, and z, from (5.69), has been shown
explicitly. The temperature T is

1 3’M 3?A
T= =T, +(M-T , 5.74
Qs 97 2+ (T1 — 2)8§2 (5.74)
so in terms of A, the temperature matching conditions are
32A 32
— =1 ¢(—>00 and — — 0, ¢ — —o0. (5.75)
0¢2 92
The vertical velocity w is
BaM B A dhy A
= — -3 T —T 8 — 5.76
2oy = T2 igor(Ty — T2) a7 ax 0 ax (5.76)
so the vertical velocity matching conditions are, to first order in &;,
dA
— =, (> oo and — — wg, ¢ — —oo. (5.77)
Cle Cle

Here use has been made of the Sverdrup relation (5.35), with y1 = gat(T1 — To).
The boundary layer equation for A(x, y, ¢) must be obtained by substituting (5.73)
into the M equation (4.57). The result is

[ohy [ 33A 32A  B3A 3%A ahy (A 9?A 3°A 3*A
0c20y ac?  9¢3 acay oy \9c20x 9c2  9cd acax
L0 dARA =y 3*A

A K s T T g

+O®5). (5.78)

So that the diffusive term enters the balance at first order, it is necessary to choose
8i oc kX2, (5.79)

Consequently, §; may be identified with the internal boundary layer scale (5.31), and
the vertical velocity §; wg induced beneath the interface by the diffusion will also be
of order «/2.

Because the matching conditions (5.75) and (5.77) are independent of x and v, it
might have been hoped that the boundary layer equation (5.78) would reduce to a
one-dimensional equation, with derivatives only in the boundary layer coordinate ¢.
Unfortunately, this is not the case: because the vertical velocity decreases toward zero
in the boundary layer, the small horizontal advective terms remain of the same order
as the vertical advective term, and the thermodynamic balance does not automatically
reduce to the vertical advective-diffusive balance w 8T /3z = «,8?T /8Z% as k, — 0.
Consistent with the matching conditions, solutions can nonetheless be sought that
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depend only on ¢ by making the substitution A(X, y, ¢) = G(¢) in (5.78). The result
is a nonlinear ordinary differential equation:
82 We dG d®G _ d*G

Ky hl dg‘ d_§3 B d_§‘4’
where, again, (5.35) has been used to simplify the coefficient term. The equation
(5.80) and the assumed form of the solution are consistent with (5.78) only if the ratio
WE/ hy is independent of x and y, and from (5.36), it can be seen that this will not
be true in general. Special forms of the forcing can be chosen to satisfy this condition
to obtain a consistent one-dimensional equation that can be solved as an illustrative
example. For example, let hg = 0 and We = C2 f%(x — xg)/(By1), Where C,, is a
constant, so that the downward Ekman pumping increases linearly westward from the
eastern boundary and quadratically with latitude. Then, from (5.36),

(5.80)

We
—= = C,, 5.81
s (5.81)
so with the choice
i,hy 1/2 K, 1/2
5 = . 5.82
(%) =) 552
and the substitution
dG
F(¢) = —, 5.83
© =g (5.83)
Equation (5.80) reduces to
d’F d®F

where prime denotes differentiation with respect to the argument. The corresponding
matching conditions are

F(¢)—> ¢, ¢— o0 and i—f(g) -0, ¢— —o0, (5.85)

while the induced vertical velocity is determined by the constant limit of F(¢) as
¢ — —oo. This scaled problem depends on no parameters, and numerical solution
shows that

F(¢) — 0.876, ¢ — —oo, (5.86)

so that the induced vertical velocity w,, beneath the diffusive internal boundary layer
is

W,
Woo = W({ — —00) = 0.8765; h—E — 0.8765,C, = 0.876 (k,C,)"%.  (5.87)
1
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Thus the diffusively driven upwelling is proportional to the product of the thickness
of the internal boundary layer and the vertical convergence of the adiabatic flow
in the upper layer. Because h; scales with the advective depth Dj,, this result for
the upwelling velocity is consistent with the scaling estimate (5.31) for both the
square root dependence on the vertical diffiusivity and the weaker, one-fourth-power
dependence on the wind forcing We.

5.7 Diffusively Driven Circulation

The internal boundary layer theory provides an explicit example of the generation
of large-scale vertical motion by small-scale turbulent diffusion in the presence of a
mean vertical temperature gradient. Such a driving of large-scale motion by vertical
turbulent diffusive fluxes was anticipated from the energy equation (5.12). In the case
of the rectangular, single-hemisphere basin, the general structure of the resulting large-
scale, diffusively driven deep circulation flow can be inferred from basic dynamical
considerations.

Suppose that the deep motionless layer j = N + 1 beneath the wind-driven fluid
in an adiabatic model of the subtropical gyre extends to the seafloor in an ocean
basin of uniform depth Hy. On the basis of the scalings (5.26) or (5.31), it can be
anticipated that in the presence of weak vertical turbulent heat diffusion, «, > 0 in
(4.53), a vertical velocity w., proportional to «/> or «2/? will be induced at the top
of this otherwise motionless layer. In the case of the internal boundary layer equation
(5.84), the associated vertical velocity is given explicitly by (5.87).

By the Sverdrup transport balance, it follows that the diffusively driven vertical
velocity will in turn induce a geostrophic meridional flow in the deep layer:

BVn+1 = fuwe, (5.88)

where Vi1 = hytivne: = (Hg — Hy)vnor s the vertically integrated geostrophic
meridional transport in the deep layer. Because w, > 0, this diffusively driven merid-
ional transport will be directed poleward. Thus in the presence of weak diffusion, there
will be a broad, weak, poleward geostrophic flow beneath the main thermocline in
this model. The magnitude of the corresponding zonally integrated deep poleward
transport may be estimated as V41l 2 (k,Da/Wg)Y2L2 ~ 5 x 108 m® st =5
Sv, or roughly one-fifth the transport of the wind-driven subtropical upper ocean
gyre.

The deep, cold fluid that upwells with velocity w., into the base of the main ther-
mocline gains heat through the vertical divergence of the vertical turbulent diffusive
heat flux. A source of deep, cold fluid is required to balance this divergence. This
cold fluid must form at high latitudes, where surface cooling by heat exchange with
the overlying atmosphere can occur. Thus the source of deep fluid that balances the
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upwelling must lie at high latitudes. However, the Sverdrup interior flow (5.88) is
itself directed toward high latitudes. The constraints of the large-scale interior vor-
ticity balance imply that the diffusively driven upwelling divergence and this interior
flow must be supported by a deep western boundary current that can transport the
deep, cold fluid from high latitudes to midlatitudes, where, in turn, it may leave the
boundary and flow zonally into the interior.

5.8 Meridional Overturning Cells

With no-normal-flow conditions at the eastern and western boundaries, the zonal
integral of the incompressibility condition (2.104) yields a two-dimensional incom-
pressibility condition for the zonally integrated meridional and vertical flow:

XE
O:/ V -udx
Xw
9 [XE 9 [Xe
:_/ vdx+—/ wx. (5.89)
Y Jxw 0Z Jxy,

It follows that a stream function W, (y, z) may be introduced for the zonally integrated
flow so that

Xe AW Xe AW
/ vdx = ——2, / wdx = —2. (5.90)
Xw 82 Xw 8y

The circulations described by sets of closed contours around extrema of this meridional
overturning stream function ¥, are the meridional overturning cells. With the sign
convention in (5.90), cells around ¥ maxima have northward flow above the maximum
point and southward flow beneath, whereas cells around ¥ minima have southward
flow above and northward flow beneath.

In the single-basin circulation patterns analyzed in the preceding sections, there
are three main meridional overturning cells: a pair of shallow, counterrotating, wind-
driven cells above the main thermocline and a third, abyssal cell beneath the main
thermocline. The wind-driven cells describe the northward and southward surface
Ekman transports toward the central latitudes of the subtropical gyre, with subsurface
return flows in the ventilated thermocline and the western boundary current. The
abyssal cell describes the diffusion-driven interior warming and upwelling of cold
water and the return flow supported by surface cooling, convective adjustment, and
sinking at subpolar latitudes, followed by southward transport in the deep western
boundary current.
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5.9 Summary

Scaling estimates for the depth and thickness of the wind-driven and diffusively driven
subtropical gyre thermocline, and the associated vertical velocities, show that the dom-
inant thermodynamic balance in the upper midlatitude thermocline is advective and
adiabatic. The consequences of this advective balance can be conveniently explored
with single-layer and multilayer adiabatic models. At the base of the wind-driven
motion, the associated vertical velocity becomes small, and diffusive effects must
be considered. This diffusion supports an internal boundary layer at the base of the
wind-driven motion and induces a weak upwelling of the deep, underlying fluid.

From these results, it can be inferred that the temperature contrasts across the two
components of the thermocline, the adiabatic, ventilated thermocline above and the
internal boundary layer at its base, are controlled by the thermal contrasts across
the subtropical and subpolar gyres, respectively (Figure 5.8). The coldest fluid in the
ventilated thermocline is that injected into the interior at the subtropical-subpolar gyre
boundary, which forms the deepest ventilated layers, whereas the warmest fluid is that
injected at the farthest southern latitudes of the gyre. The abyss, on the other hand, is
filled with the coldest available fluid, the temperature of which is set by the coldest
surface temperatures in the subpolar gyre; the internal boundary layer forms between
this cold fluid and the deepest ventilated layer, which is just that injected from the
surface at the subtropical-subpolar gyre boundary.

The circulation described by these analytical models of the subtropical gyre ther-
mocline must be closed by boundary currents, in which the dominant motions and
transports are in the western boundary layer, and by an assumed subpolar gyre circu-
lation that includes Ekman upwelling in the interior, surface cooling and convection,
and sinking and southward export of cooled fluid. The wind-driven cyclonic circula-
tion of the depth-integrated motion of the subpolar gyre can be easily obtained from
the Sverdrup transport balance (3.30), but the importance of diabatic processes and
subpolar boundary currents and the control of incoming fluid properties by the western
boundary current make quantitative analytical modeling of the stratified subtropical
gyre circulation difficult.

5.10 Notes

The advective and advective-diffusive boundary-layer scalings for the thermocline
were derived by Welander (1971). The one-layer reduced-gravity model of the sub-
tropical gyre was developed independently by Parsons (1969) and Veronis (1973).
The multilayer, ventilated thermocline theory of the subtropical upper thermo-
cline is from Luyten et al. (1983). A continuously stratified ventilated thermo-
cline theory has been worked out by Huang (1988). The diffusive main thermo-
cline and the associated diffusively driven, abyssal meridional overturning cell
were studied by Stommel and Arons (1960) and Stommel and Webster (1962);
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Figure 5.8. Schematic of the large-scale circulation and thermocline regimes in a
simply connected, single-hemisphere ocean basin driven by surface wind stress,
weak turbulent diffusion, and a meridional surface thermal gradient. A represen-
tative ocean vertical temperature profile T(y., z) at a central subtropical latitude
Yy =V, is superimposed on a midbasin meridional section of ocean thermocline
isotherms. The surface or atmospheric temperature T,(y) above decreases monoton-
ically from its warmest value at the extreme tropical latitude ys to its coldest value
at the extreme subpolar latitude yy. Circulation in the meridional plane is indicated
by arrows on the section. The convergent lateral surface Ekman transport resulting
from tropical easterly and midlatitude westerly wind forcing is indicated by opposing
horizontal arrows in the ocean-surface layer. The ventilated thermocline (VT) is an
advective regime with characteristic thickness D, and equatorward Sverdrup flow.
The characteristic vertical thermal contrast across the VT regime is the difference
ATsr = Ta(Ys) — Ta(Yo) between the local surface temperature and the surface tem-
perature at the subtropical-subpolar gyre boundary y = y,. The internal thermocline
(IT) at the base of the VT is a diffusive internal boundary layer regime, with charac-
teristic thickness &;. The characteristic vertical thermal contrast across the IT regime
is the surface difference ATsp = Ta(Yb) — Ta(Yn) between the surface temperature at
the subtropical-subpolar gyre boundary y = v, and the coldest surface temperatures
at the extreme subpolar latitude yy. The induced deep upwelling into the IT drives
poleward abyssal Sverdrup flow. (Redrawn from Samelson and Vallis [1997]. Used
with permission.)
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the latter studied a similarity solution related to the discussion in Section 5.6, for
which the reduced equation (5.84) also applies and was obtained and solved by Young
and lerley (1986). Salmon (1990) introduced the concept of the internal boundary
layer as a conceptual model for the subtropical main thermocline. The ventilated-pool
theory for subtropical mode water was developed by Dewar et al. (2005), who include
a more detailed treatment of conditions at the boundary of the pool.



6
Eddy-Driven Subsurface Motion

6.1 Homogenization of Scalarsin Recirculating Flow

In the preceding chapter, some theoretical results for the subtropical gyre circulation
were obtained that relied on the assumption of homogenized potential vorticity within
closed recirculation contours. The motivation for this assumption is explored in this
chapter. The basic mechanism at work can be most easily understood in the simpler
case of homogenization of a passive scalar in recirculating two-dimensional flow.

Consider the advection-diffusion equation for a passive scalar C in a steady two-
dimensional flow given by a stream function ¥ (X, y),

Un - ViC = K¢ VEC, (6.1)

where u, = (—avy/dy, a0y /0x) and K¢ is the diffusivity of the scalar. Suppose that
K¢ is positive but small, that is,

Ke 1
0< ¢ - = «1, 6.2
UL " pee € (6.2)

where U and L are representative velocity and length scales for the flow and Pec is a

Peclét number for the passive scalar C. Then, to first order in K¢ (or, more formally,
in Pec 1), the scalar is conserved along streamlines so that

C =CW) + O(Kc). (6.3)

Suppose further that there is a region of flow enclosed by a closed streamline T" of
Y (Figure 6.1), and integrate the equation (6.1) over the area Ar enclosed by I':

/ uh-Vthxdychf VZC dx dy. (6.4)
Ar AF

99
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Ty

Figure 6.1. Streamline geometry for passive scalar homogenization in steady two-
dimensional flow. The region A consists of closed streamlines, with outermost closed
streamline I'y. For sufficiently large Peclét number, the scalar concentration C(x, y)
will be homogenized throughout the recirculation region Ay, and equal to its value
Cop on I'y. The vectors n and sare the unit normal and tangent, respectively, to I'o.

Then
/uh-Vthxdyz Vh - (UhC) dx dy
Ar AI‘
= 7§ un,C - nds
r
Vhyr
:ikav . Cds=0, 6.5
KV Gy (65)

where the last equality follows because the velocity is tangent to the streamline and
therefore normal to the outward unit normal n to the contour T". Thus there is no
advection of the passive scalar into or out of the region enclosed by the streamline I.
With (6.3), it follows also that

0= Kc/ VZC dxdy,
Ar

= chVhCW]dS,
r

dC Vi
=4+Kec— @ Vpr - ds,
S AT
dC
=4+Kec— V, .
cgr b Vvids 65)

to first order in Kc. The latter integral is positive definite because the velocity must
be nonzero on the streamline I", and consequently,

S—E:O on T. (6.7)
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Because Equation (6.7) is valid to first order in K¢ for any closed streamline T, it
follows that to first order in K¢, the scalar C must be constant throughout the full
region Ag of recirculating flow and equal to its value Cy on the outermost closed
streamline 'y (Figure 6.1):

Cx,y)=Cqy forall (x,y)e Ao. (6.8)

The weak-diffusion condition (6.2) requires that fluid parcels make many circuits
around a closed streamline I" before diffusion has a substantial effect. Under this
condition (6.2), a passive scalar in steady two-dimensional flow will be homogenized
within any region of closed streamlines.

6.2 Potential Vorticity Homogenization: Quasi-Geostrophic Theory
A Quasi-Geostrophic Approximation

The general argument of the preceding section applies to a passive scalar, the dis-
tribution of which has, by definition, no effect on the imposed flow field given by
the stream function . If the advected scalar is the potential vorticity, however, the
flow field and the distribution of the scalar field will instead be dynamically coupled.
To determine whether a similar homogenization of the dynamical scalar potential
vorticity can occur under qualitatively similar conditions of recirculation and weak
scalar diffusion, it is necessary to solve the corresponding set of dynamical equa-
tions, with the passive scalar homogenization result as motivation and conceptual
guidance.

Consider first a simplification of the two-layer planetary geostrophic equations for
steady flow, in which the departures of layer thickness from constant values are small,

Hj =Hjo+nj(x.y), Injl < Hjo=constant, j={1,2},  (6.9)

and the meridional extent Ay of the flow is restricted so that

A
Ay/L = ﬂf—y <1 (6.10)
0
The corresponding linearized layer-j potential vorticities are then Q; ~ fo/hjo + q;,
where

f
G = By — h—zom (6.11)
10

fo

O = B2y — h—z(nz - 1), (6.12)
20
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with th = HlO’ hzo = H20 — Hlo, and ,3] = ,B/hjo for J = {1, 2} In addition, the
horizontal velocity in each layer can then be obtained approximately from a stream
function,

00 09, .
B N g} =112 6.13
(u]avj) ( ay’ ax)v J { ’ }7 ( )
where
R N (6.14)
fo fo fo
and thus, to the same order of approximation,
fg
1= By — Hz (1 — ¢2) (6.15a)
Vil
f02 f02
G = Boy — b2 — (2 — ¢1). (6.15b)
V2h§0 Vlh%o

With these restrictions on the amplitude of thickness devations and the meridional
extent of the flow, the resulting simplified planetary geostrophic equations are equiv-
alent to the long-wave limit of the quasi-geostrophic equations.

By analogy with (6.1), suppose that a small dissipative term D, is added to the
equation for the rate of change of layer 2 potential vorticity in (5.46), which, with
(6.12) and (6.13), can be written as

A2 fé

Uy - Vhp = Bo— +
0X Vlhgo

J(¢2, ¢1) = D2 (6.16)

because J(¢,, ¢2) = 0. In view of the smallness of the thickness disturbances (6.9),
the Sverdrup transport balance (5.45) takes the linearized form

f X
h10¢1 + hao2 = Haodp = FO,/ WEe (X', y)dx’, (6.17)
Xe
where ¢g is the barotropic stream function. This may be solved for ¢,
H h
¢ = g — b, (6.18)
th th
so that (6.16) may be written as
J(¢2, G2) = Do, (6.19)

where

A

. F - f¢H
Q2 = B2y + h—¢B, F=_02
20

V1h10h20'

(6.20)
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This reformulation of (6.16) has achieved a fundamental simplication: because ¢g
can be computed from the imposed forcing We(X, y), (6.19) is a linear equation for
¢». In addition, because D, is small by assumption, it follows that

¢z = D2(G2) + O(Dy). (6.21)
Because, then, by (6.12) and (6.18)—(6.21),

. F+FR
02 =02 —

H D5(62) + O(D2), (6.22)
20
where F, = f2/(y2h20), it follows also that

¢2 = P2(q2) + O(Dy). (6.23)

Thus the stream function ¢, and potential vorticity g, are both constant on the
geostrophic contours, the contours of constant §,. An analogy with the passive-
scalar homogenization theory can then be anticipated if, in a given flow, there are
geostrophic contours that are closed.

A Mid-Ocean Gyre Example

It is useful here to consider a specific, though artificial, example of imposed Ekman
pumping for which explicit solutions of these equations may be obtained. Let

—aX, I =Ty,

0. rory (6.24)

-

where r = (x2 + y?)2, o = Wy /r1, W and ry are given constants, and, to simplify
notation for this example, the origin of the y coordinate has been shifted to the central
latitude yo, where f = fo. Then the barotropic stream function ¢g is given by

Olfo

2 2 2
= — X = 2
PB(X, Y) 2B Hom (rf—x*—y%), r=<rm, (6.25)
and ¢g = 0 forr > ry. From (6.20),
- B
Go(x. y) = 2—; [(P+yi—x—(y—w)?]. r=m. (6.26)
and
Go(X, y) = B2y, T >y, (6.27)
where
2
Vi = A" Ha (6.28)

O(f()'f )
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The geostrophic contours are thus arcs of circles for r < ry, centered at (0, y;), and
zonal lines y = constant forr > r;. Closed geostrophic contours will exist if y; < ry,
that is, if

B?Hao
foF
The condition y; = rq, or Wy = Wit in (6.29), has an appealing physical inter-

pretation: it is the forcing amplitude for which the zonal barotropic Sverdrup velocity

Ug = —d¢g/dy at y =ry is equal and opposite to the long baroclinic two-layer

Rossby wave speed cg = —B/F:

Wo > WOcrit = (629)

d¢ds afors B

ug(0,r;) = ———(0,ry) = ==

8(0,11) By 0,r1) BHwo  F

The latter wave speed can be derived from the linearized, time-dependent form of

(4.72) with Wg = 0,

—Cr. (6.30)

WM L% _o i
which, with (6.11)—(6.14), yields
0 B 0 B
a(@ﬁl — ¢2) — E&(d)l —¢2) =0, (6.32)

provided that the base of layer 2 is treated as a rigid boundary so that the second term in
(6.12), which arises from deformations of the lower interface, is neglected, while the
terms in (6.14) proportional to 1, are retained as bottom pressure perturbations. Thus
it is when the zonal Sverdrup flow becomes sufficiently strong to halt the westward
propagation of long baroclinic Rosshy waves that closed geostrophic contours appear
in layer 2. The region of closed contours will be circular, centered at (0, y;), with
radius r; — yi. The radius of the region will always be less than or equal to r; because
y1 > 0, and the outermost contour of the region will always be tangent to the circle
r =ry at the point (0, ry).

The potential vorticity equation (6.16) in layer 2 may now be integrated over the
area Ar enclosed by any closed geostrophic contour I, with the result that

D,dxdy = Uy - Vhoe dx dy
Ar AF

_ / Vi - (U20p) dx dy
Ar

=?§u2q2-nds
r

V
= £Qy(I) ygr K x Vi - 1?2

[Vhe|

ds =0, (6.33)
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where Q,(I") is the value of g, on the geostrophic contour I and where the last two
equalities follow because both g, and ¢, are constant on T".

Potential Vorticity Diffusion

The solution for g, inside the region of closed geostrophic contours depends on
the form of the dissipation D,. Suppose first that the dissipation results from the
divergence of a down-gradient flux of potential vorticity,

D; = KqVith, (6.34)

where K is a constant that may be interpreted as an eddy diffusion coefficient. Then,
exactly as for the passive scalar, it follows that

0= Kq/ Vigp dx dy
A]‘
= qu VhQe - nds
r

e 99

to first order in Kq, where Q3(¢>) is the inverse of ®,(q). The latter integral is positive
definite because the velocity must be nonzero on the streamline ", and consequently,

@:O on T. (6.36)

dep
Because Equation (6.36) is valid to first order in K for any closed streamline T,
it follows that to first order in Kq, the potential vorticity g, must be constant and
equal to its value Q,(I"g) on the outermost closed streamline I'y of the region Aq of
recirculating flow:

%(x. y) = Qa(I'0) forall (x,y) € Ao (6.37)

Thus, when the dissipation D, has the diffusive form (6.34), potential vorticity in
layer 2 is homogenized throughout the circular region of closed streamlines centered
at (0, y;) with radius r; — y;.

Because it follows from (6.22) and (6.26) that Q,(I"g) = B.r1, the complete solution
in layer 2 is

0(X, y) = Bl (6.38)

By — 1) + Fos(X, y)
|f +F

$2(X, y) = (6.39)
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in the region Ay of closed geostrophic contours, and

G, y) = Gu(x. y) = Poy + hizom(x, ) (6.40)
$2(X,y) =0 (6.41)

outside Ag. Note that &, — 0 as y — 0 for x = 0, so ¢, is continuous at I'y, and
that (6.40) and (6.41) hold both in the part of the region r < ry that is outside Ay,
where ¢g # 0,andinr > ry, where ¢g = 0and g, = B,y. Thus the potential vorticity
contours in layer 2 are distorted away from lines of constant latitude in the region of
forcing, even if there is no motion in layer 2, owing to the deformation of the interface
at the base of layer 1. It is when this interface become sufficiently deformed by the
forcing, according to the criterion (6.29), that closed geostrophic contours form and
motion is induced in the subsurface layer 2.

From the form of the analytical solution (6.38)—(6.41), as well as the general under-
lying requirement that closed geostrophic contours exist, it can be inferred that the
scale for layer-thickness variations An associated with potential vorticity homoge-
nization must be that which gives potential vorticity variations that are comparable
to the variations B; Ay in layer-j background potential vorticity over the meridional
scale Ay. For Ay =500 km and hjo = 500 m, this estimate gives An ~ 50 m. This
is consistent with the linearization (6.9) and means also that An < D,, where Dy
is the advective scale (5.20). If larger horizontal scales are considered, the predicted
thickness variations will be proportionally larger, but the restriction (6.10) may be
violated.

Vorticity Drag

Suppose now that instead of the diffusive form (6.34), the dissipation takes the form
of vorticity drag between layers 1 and 2:

8Uj BUJ

=02 6.42
% 3y’ j =112}, (6.42)

D, =—-Ro— 1), ¢ =
where R, is a constant drag coefficient. Then the integral (6.33) yields instead
0=-R A (¢2 — ¢1) dxdy
=-R ﬁ(uz — Up) - sds, (6.43)

where sis the unit tangent to the contour I". From (6.17), it then follows that

fuz -sds = f ug - sds, (6.44)
r r
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where ug = (—0d¢g/ay, d¢g/IX) is the barotropic velocity. Because, also,
do
Up = K X Vigy = TZ K x Vhp, (6.45)
2

it follows that

d@gyg F . F dq>zj£
Up - sds = — —Ug + -sds= — — Ug - sds, 6.46
ygr ? dd, r(hzo ® ﬁZJ) ho o Jr © (6.46)

where j is the meridional unit vector. Thus

dd, hy
2 _ 2 6.47
dg F (6.47)
and because G, = B.r1 on the outermost closed contour I'g,
R hao ,
Dy(02) = %(Qz — pory) = g(y — 1)+ ¢s (6.48)

in the region Ay enclosed by the closed geostrophic contours. In this region, the

potential vorticity g is

F+
hao

Gl ) = QX Y) — Tk y) = fars - oY) (649)
where ¢,(X, y) = ®2[Ga(X, Y)]. Thus, for dissipation in the form of the vorticity drag
(6.42), the subsurface layer 2 is again set in motion in the region of closed geostrophic
contours, but potential vorticity g, in this region is not homogenized. Outside the
region of closed contours, the solutions for g, and ¢, are again (6.40) and (6.41),
respectively.

6.3 Potential Vorticity Homogenization: Planetary Geostrophic Theory

Some of the arguments of the preceding section can be generalized to the planetary
geostrophic case of large thickness fluctuations and large meridional extents, removing
the restrictions (6.9) and (6.10). The additional nonlinearity, however, makes explicit
solution of the resulting equations more difficult.

In the planetary geostrophic case, a stream function for the horizontal velocities
does not exist, but a transport stream function v can still be found for steady flow
in subsurface layer j, according to (4.76). Thus the previous area integral over the
region bounded by a closed streamline can be replaced by a volume integral over the
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region A; bounded by any closed transport streamline I'; on which v; = constant
and by the layer interfaces above and below, with the result that

/Uj-VthdXdde:/AhjUj-VthdXdy
j ]

Aj

= [ v (yu @ axdly

Aj

= . hjuij-nds:O (6.50)
i
because the velocity on the streamline is perpendicular to the normal n to the stream-
line.
Thus, if a small dissipative term D; is again added to the steady potential vorticity
balance so that

Uj -VhQ]‘ ZDJ', (6.51)
it follows both that
Q; = Q;(¥)) + O(D)) (6.52)
and, by (6.50), that
/ D; dxdydz:/ h;D; dxdy = 0. (6.53)
A A
Suppose now that the dissipative term takes the specific form
K
Dj = +2V;iQ;. (6.54)
j

where K g is a constant, so that the vertically integrated down-gradient flux of potential
vorticity —KqV Q)j is independent of the thickness of the layer. The quantity Kq/ h;
is an eddy diffusion coefficient; the requirement that D; be small translates into the
conditionthat Ko/ hj < UL, whereU and L are horizontal velocity and length scales
for the large-scale flow. With D; defined by (6.54), the integral of the dissipative term
gives

/ KQvﬁdexdy:KQ/Avﬁdexdy
i j

AJ
:KQ¢ Vth-ndS
T
déjyg
= Kog—— Vhyi - nds 6.55
Qde o h‘/fj ( )
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to first order in Kqg, where the last equality follows because v/ is constant on I'j.
Because the gradient of the stream function v; is parallel to the normal n to the
streamline, (6.50) and (6.55) imply, again to first order in Kq, that
aQ; =0 on Tj. (6.56)
dy;
It follows that the potential vorticity Q; must be constant throughout the region Ajq
bounded by the outermost closed streamline I"jo. Thus, with the assumption (6.54) for
the form of the dissipative term in the potential vorticity equation, homogenization of
potential vorticity inside a region of closed streamlines is implied also in the planetary
geostrophic case.

An example of a subsurface region in which the homogenization argument might
apply is the unventilated, western pool region of layer 2 in the two-layer ventilated
thermocline model of subtropical gyre circulation discussed in the preceding chapter.
That region is bounded to the east by the trajectory x = xp(y), which is a contour of
constant layer 2 potential vorticity. It is natural to consider the possibility, motivated
by the preceding argument, that the layer 2 potential vorticity in this western pool
region should be uniform and equal to the potential vorticity f,/Haw on x = Xp(y).
This deduction, however, rests on the assumptions that the trajectory x = xp(y) is
closed in the western boundary current and that the potential vorticity dissipation
along the western boundary segment of the trajectory takes the same form (6.54).
The western pool structure that results from these assumptions is discussed in the
preceding chapter.

A second, related example involves flow in the layers beneath the deepest wind-
driven layers of the ventilated thermocline model. For example, in the two-layer
model, consider the structure of potential vorticity contours in the motionless layer
3 near the subtropical-subpolar gyre boundary y = y,, where Weg = 0, and north
of the outcrop y =y, so that h; = 0. Suppose that layer 3 has a constant, finite
thickness hs(xg, y) = hsg atthe eastern boundary x = Xg, where the layer 2 thickness
h,(Xg, y¥) = hg. Then the layer 3 potential vorticity Qs is

f
Q3e(Xe, y) = . (6.57)
3E
at the eastern boundary, while
f f f
X,y)=—= = 6.58
Qs(x.) hs  Hs—H; heg+hge — HxXx,y) (6.58)

in the interior, where

Ha(x, y) = ha(x, y) = [hZ + D3(x, )]"*. (6.59)
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The contour x = Xg(y) of constant layer 3 potential vorticity that intersects the
eastern boundary at y = yq is then defined implicitly by

f
Qslxa(y), Y] = Qae(¥o) = é (6.60)

where fgo = f(yg). If the imposed Ekman pumping depends only on y, so that
We = Wo(y), an explicit solution may be obtained for Xq(y):

N Br2 f f\? 2
XQ=Xe+ 5577~ 2F2Wo(y) |:2 (1 fq) hehse + <1 - f_Q) h3e |- (6.61)

Provided that Wo(y) # 0, Xo(y) — X as y — Yq, and the contour intersects the
eastern boundary as anticipated. Suppose, however, that yq = Y, so that Wy(yg) = 0.
Then, with fp, = (),

By
f3W’( b)
and because Wy(Y») > 0 in general, the contour X = Xqn(Y) instead reaches the lati-
tude y = yp at a finite distance westward of the eastern boundary. Consequently, the
potential vorticity contours west of X = Xqp(y) are isolated from the eastern boundary
and will instead emanate from and return to the western boundary. In this way, this
region X < Xqp(y) in the otherwise motionless layer 3 is analogous to the western pool
region in layer 2, and by a similar argument, the potential vorticity in this recirculation
region of layer 3 may be presumed to homogenize.

A physical interpretation of (6.62) may be given that is similar to the interpretation
(6.30) of the condition (6.29) for the development of closed potential vorticity contours
in layer 2 in the quasi-geostrophic example discussed in the preceding section. Define
a vertically averaged zonal Sverdrup transport velocity at y = yq =Y, for layers 2
and 3 as

XQ(Y; Yo = Yb) = Xgb = XE — —3——hehse as y — yp, (6.62)

Us(X. Yb) = hau,
A hse
1 Rl
~ he + hae [ 2fba D (% y)}y:yb
1 fp
— - by — .
hE + h IB O(yb)(x XE) (6 63)
Then, at X = Xq, with (6.62),
Us(xg. y) = P72 MEhae o (6.64)

fe he +hse

where cg is the phase speed of the first-mode long baroclinic planetary wave on
layers 2 and 3 at y = y,,. Thus, as in the quasi-geostrophic example, the condition
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for formation of the region of closed potential vorticity contours is that the Sverdrup
flow be equal and opposite to the phase speed of the long baroclinic Rossby wave.
The point at which this occurs is also the point at which the meridional gradient of
potential vorticity in the lower layer vanishes because

0Q3 o f
8_y(x’ y) = @h_s
1 f ahg
=—(p-——
h3 h3 8y
(- )
=—(1- , 6.65
hs By2hs (6.69
from which, with (6.63) and (6.64), it follows that
dQs
—_=: =0. 6.66
3y (X ¥b) (6.66)
6.4 Notes

The homogenization theory in the absence of planetary rotation is originally from
Batchelor (1956) and had been noted earlier by Prandtl (1905). The potential vorticity
homogenization theory for ocean circulation was developed under quasi-geostrophic
assumptions by Rhines and Young (1982a, 1982b) and discussed for planetary
geostrophic flows by Pedlosky and Young (1983).



v

Circumpolar Flow

7.1 The Geostrophic Constraint

Suppose now that the basin geometry is altered from the simple, closed domain
considered in the preceding chapters to contain a representation of the circumpolar
connection that exists around Antarctica in the Southern Ocean. The simplest such
representation is a periodic, reentrant zonal channel in the southern portion of an
otherwise closed southern hemisphere domain, with width comparable to that of the
opening between South America and Antarctica at Drake Passage (Figure 7.1). Even
if the channel is partly blocked by a sill along the domain boundary at some depth
above the basin bottom, this is a highly idealized geometry: in the Southern Ocean,
much of the latitude-depth cross section of the Drake Passage opening is obscured at
other longitudes by islands or shallow bottom topography, which can be anticipated to
have a strong influence on both the circumpolar and the meridional flow. Nonetheless,
this geometry allows the exploration of several fundamental elements of the effect of
the circumpolar connection on the large-scale flow.

Let the periodic zonal channel representing the circumpolar connection cover the
latitude range [y_, y. ] and the depth range [— Hs, 0], where Hs < Hy is the depth of
the sill at x = Xg or X = xyw. In the channel opening, periodic boundary conditions
apply, and the points at X = xg and x = xy are identified, so that ¢(x = xg) =
¢ (x = xw) for any dynamical variable ¢. At any latitude y = yr in the periodic zonal
channel (i.e., at any yr such that y_ < yr < y,) and depth z > —Hg above the sill,
the geostrophic zonal momentum balance (4.7) can be integrated around a closed,
circumpolar contour I" of constant latitude y = yr, with the result that

ffv(x,yr,z)dx:frfvdx=y§8p dx =0, (7.1)
r r r aX

where fr = f(yr). This implies that the zonally integrated geostrophic meridional
transport Vr(yr, 2) at any level z > —Hg in the circumpolar gap [y_, y.] must

112
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TE

Figure 7.1. Domain geometry for the rectangular, single-hemisphere basin with cir-
cumpolar connection. The lateral boundaries are vertical, rigid walls at x = Xg,
X =Xw, Y =VYs andy = yy, exceptinthegapregiony_ <y <y, —Hs <z <0,
where zonally periodic boundary conditions are imposed at X = Xg and X = Xy,
allowing circumpolar flow. The rigid, flat top and bottom are at z=0 and
Z = —Hy, respectively.

vanish:
Vr(yr, 2) = f v(X,yr,2)dx =0, yrely_, yil (7.2)
r

Thus, as a result of the geostrophic constraint (7.1), there can be no zonally integrated
meridional geostrophic transport above the sill at the channel latitudes.

The geostrophic constraint applies to the total meridional geostrophic volume trans-
port but not to the geostrophic heat transport. Consider, for example, a three-layer
model in which the lower layer is at rest and the upper two layers are located above
the sill depth z = —Hs so that transport integrals may be computed around the closed
contour I'. Then the zonally integrated meridional geostrophic mass transports in each
layer will be equal and opposite:

oH oH
f hovp dx = %(H2 ~H)E Y2972 gx = _£7§ Hl—x2 dx (7.3)
r

y20H, 1 dH: V2 daH,
hiv dx = H dx =-"~@ Hi—=dx. (7.4
fi—* L f ! < f[‘ 8X T f[‘ 8X f[‘ r ! X ( )

Thus the total vertically integrated transport will vanish even if the individual layer
components do not. The opposite meridional volume transports in the two layers of
different temperatures imply a net meridional heat transport equal to

H= pon (Tlf hivy dx + Tzf hov, dX)
r

oH
= pColTu =T b Hi 2 . 7.9
r
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The latter integral may be recast in terms of the pressure force from layer 2 on the
layer 1 interface:

oH oH 1 oH
)/Qf H1—2 dx = —)/zf Hz—l dx = ——f pg—l dx. (76)
r = oX r  oX po Jr

This integral of the pressure force on the interior layer interface is sometimes referred
to as the internal form stress. By (7.3) and (7.6), this pressure force is balanced in
the layer-integrated momentum balance by the Coriolis force associated with the net
meridional mass flux in layer 2:

ap2 oH;
f hov, dX = @ hy— dx = —dx. 7.7
por?gr 2U2 OX frzax ﬁpzax (7.7)

Note that there must be zonal variations in both H; and H, in order that the integrated
meridional geostrophic heat flux H not vanish identically.

7.2 Depth-Integrated Flow with Linear Frictional Closure

The effect that the geostrophic constraint (7.2) has on the large-scale circulation can
be illustrated by considering the solution, in a basin with a circumpolar channel, of
the model (3.38) of depth-integrated large-scale flow with linear friction that was
previously solved in the simple closed basin. The solution for the depth-integrated
flow with this simple frictional closure demonstrates, through explicit example, that
the circumpolar flow depends on dynamical balances that are essentially different
from the Sverdrup transport balance, even in the limit in which the friction parameter
in the example is made vanishingly small.

For simplicity, let the circumpolar gap extend to the southern boundary of the
domain and have no sill so that y_ = ys and Hs = Ho. For given wind forcing, the
flow may be determined by solving the vorticity equation (3.40) for the Sverdrup
stream function W (3.18). However, the circumpolar gap introduces a new component
to the problem: on each contiguous segment of the boundary, the no-normal-flow
condition requires that W be constant, but now there are two such segments, on which
W may take different constant values.

The additional equation, supplementing the vorticity equation (3.40), that is
required to close the problem can be obtained by integrating the depth-integrated
zonal momentum equation in (3.38) over the area Ach = [Xw, Xg] x [Vs, Y+ ] of the

channel:
v 9P N7
0:/ [—fa—+8——rlﬁ—ra—]dxdy. (7.8)
A ox  0OX ay

Because the zonal integral of the first two terms along any closed, fixed-latitude
contour vanishes identically, this equation reduces to a balance between forcing and
friction. This balance determines the difference between the constant value Ws =
W(X, ys) of the transport stream function on the southern boundary and its average
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value Wy, along the northern edge y = y, of the channel:

¥y — Vs = *dx dy, (7.9)

r(XE—XW) ys yg

where

Uy, = ; % (X, yy)dx. (7.10)
Xg — Xw

For small r, Wy, will be essentially determined by the Sverdrup solution for y > vy,
with a zonal flow in the channel region y < y, that is determined by the balance
(7.9) of zonal wind stress and friction (Figure 7.2). Thus the mean zonal transport
through the channel in this model will be approximately proportional to the mean
zonal wind stress and inversely proportional to the friction coefficient r. In contrast to
the closed-basin solution, in which the interior solution is determined by the Sverdrup
balance, the role of friction in this case is therefore not confined to boundary layers
as the amplitude of the interior response to forcing depends directly on the value of
the friction parameterr.

Explicit solutions of this problem for small r can be obtained using boundary
layer theory, as in the case of the closed basin. The solution is essentially the same
as that for the closed basin in the region north of the channel, y > y,. Along the
northern edge of the channel y =y, there is a parabolic boundary layer with
westward-increasing meridional width [r(x — xg)]%/?; a similar boundary layer is
found in the closed basin when the wind forcing does not vanish along a rigid
zonal boundary. At the point (Xg, ¥;) = (Xw, Y.), the southern tip of the northern
boundary that extends southward to the northern edge of the channel, there is a
new type of boundary layer with infinite velocity at the tip but finite transport.
With, for example, 7 = 1o a constant in ys < y < y,, the interior solution in the
channel has uniform zonal flow, ¥ (X, y) = ¥s — to(y — Ys)/r. For arbitrarily small
r, this interior solution illustrates that the zonal transport in the channel will become
arbitrarily large because ¥, — g — ocoasr — 0.

Solutions of this model for reasonable values of the friction parameter r yield
circumpolar currents that are much larger than observed. Thus this model proves
inadequate even as a first-order representation of the large-scale dynamics of the
Antarctic Circumpolar Current. Nonetheless, it provides a useful illustration of the
dramatic effect of the circumpolar connection on the large-scale circulation and an
explicit example in which it can be seen directly that the vertically integrated circum-
polar current transport is not determined by the Sverdrup transport balance.

7.3 Circumpolar Flow over a Topographic Sill

Because the Sverdrup stream function (3.18) for the total depth-integrated flow may
still be defined when the bottom is not flat, and because the southern boundary of the
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Figure 7.2. Stream function contours W = const for dimensionless numerical solu-
tions of the model equations (3.40) and (7.9) for the depth-integrated wind-driven
gyre circulation with a circumpolar connection in the southern part of a southern
hemisphere basin for §s = 0.02. The rigid lateral boundaries are indicated by thick
solid lines. The circumpolar connection, with zonally periodic boundary conditions,
occupies 0 <y < 0.3at x =0 and x = 1. (top) Solution with eastward zonal wind
forcing at the circumpolar connection latitudes. Lower panel: Solution with no east-
ward zonal wind forcing at the circumpolar connection latitudes. In both cases,
the contour interval is 0.1, and W = 0 along the contiguous northern boundary and
increases away from the boundary. (Redrawn from Samelson [1999]. Original figure
© American Meteorological Society. Used with permission.)



7.3 Circumpolar Flow over a Topographic Sl 117

basin is rigid, the integral of the total meridional transport across the constant-latitude
circumpolar contour I" can be computed as

0 W
y{/ (v+vE)dzdx:y§Vsdx:y§—dx:0. (7.112)
rJ—Hx,y) r r 90X

Thus, in addition to the constraint (7.1) on the geostrophic meridional transport, the
zonal and vertical integral of the total meridional transport across the closed zonal
contour at a fixed latitude yr must also vanish.

Suppose now that Hs < Hg so that the circumpolar gap has a topographic sill. The
geostrophic constraint does not hold below the sill depth because the zonal integral
of pressure at fixed depth is blocked by the topography. However, by (7.11), the
integrated Coriolis force at a fixed latitude y = yr in the circumpolar gap vanishes
identically from the vertically and zonally integrated zonal momentum balance so that

0 8p/ 91X
0=¢/ [pfv+v — ——E:|dZdX
5 . o f( E) % 3z

0 ap/ .
—7§ / dzdx +y§ 7, (X, y) dx, (7.12)
r J—H(x,y) 0X r

where it has been assumed that the turbulent stress ¥ vanishes beneath the Ekman
depth 8¢ and that g <« Hs. Because, by (7.1),

jng —(x 2 z)dzdx_/H %—(x y, 2)dxdz =0, (7.13)

it follows that

%/H(X ) 8_(X y,z)dzdx — 7{ 75 (X, y)dx = 0. (7.14)

Thus the large-scale dynamics require that the vertically and zonally integrated zonal
pressure gradient force below the sill depth balance the zonally integrated zonal wind
stress at the surface.

The pressure integral in (7.14) may be written as the zonally integrated zonal
pressure force on the bottom topography:

f/ —(x y,z)dzdx = — ﬁp’(x, y,—H)% dx. (7.15)

H(xy) 9%
Equation (7.14) then shows that the zonally integrated zonal wind stress at the surface
must be balanced by this pressure force:

f p'(X, Y, —H)ﬁ dx + ?g 7, (X, y)dx = 0. (7.16)
r 9X r

The integral of the pressure force on the bottom topography is sometimes referred to
as topographic form stress or formdrag.



118 Circumpolar Flow

An alternate form of (7.14) may be obtained by dividing both sides of the equation
by po fr and substituting the geostrophic balance (4.7) and Ekman transport (3.21)
relations. This yields

—Hs
jg f v(X, yr, 2)dzdx + % VE(X, yr)dx =0, (7.17)
rJ-— r

H(x.y)
where v is the meridional geostrophic velocity. Note that the geostrophic transport
integral is only over depths beneath the sill depth because, by (7.2), the integrated
geostrophic transport above the sill depth vanishes identically. Equation (7.17) has
the form of a mass balance: the sum of the integrated meridional geostrophic and
Ekman transports across the fixed latitude y = yr must vanish. This mass balance
(7.17) can be obtained directly from the integral (7.11) of the Sverdrup transport. Note
also that because the zonal integral of the Sverdrup stream function along I vanishes
identically, the zonal integral of the topographic Sverdrup transport balance (3.54) is

oW It orx
0= — -] H) — (—2 - —2)|d
fr[poﬂax (P, H) (ax ay)} x

d oH ot>*
= — — w 7.1
ﬁ[ay (pbax>+ ay} dx. (7.18)

which is just the meridional derivative of the integrated zonal momentum balance
(7.16).

Two essential conclusions follow from these considerations. First, the vertically
integrated large-scale zonal momentum balance relates the meridional geostrophic
flow to the zonal wind stress but does not provide any direct relation between the
zonal wind stress and the zonal transport of the circumpolar flow nor any other way to
determine that zonal transport. Second, although the Sverdrup vorticity relation (3.8)
is presumed to hold in the circumpolar flow regime, the Sverdrup transport balance
also does not determine the circumpolar zonal transport; instead, like the momentum
balance, it reduces to a relation between wind stress, bottom pressure, and bottom
topography.

In the Southern Ocean, closed, circumpolar contours at fixed latitude and depth can
be found to depths of roughly 1500 m in narrow meridional intervals between 59° S and
60° S. Thus the constraint (7.2) on meridional geostrophic transport across the model
circumpolar gap and the integrated zonal momentum balance correctly represent
fundamental elements of the large-scale circulation dynamics of the Southern Ocean.
It follows that additional dynamical considerations, beyond the large-scale dynamical
balances that lead to (7.16) or (7.17), are necessary to develop even the simplest large-
scale theory for the existence and amplitude of the circumpolar flow that is observed
in the Southern Ocean: unlike the case of Sverdrup theory for the wind-driven gyres,
knowledge of the wind stress field alone is not sufficient to provide a theoretical
estimate of the strength and structure of the depth-integrated large-scale flow.
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7.4 A Baroclinic Model of Circumpolar Flow

A proper understanding of the fundamental dynamics of the circumpolar current that
may develop in a basin with a circumpolar connection requires consideration of ther-
mal as well as wind forcing. Special forms of wind and thermal forcing can be chosen
that simplify the analysis and focus attention on the role of the circumpolar connection
and or the dependence of the resulting circumpolar current on geometric and forcing
parameters. The essential element of the wind forcing consists of a meridional band
of westerlies centered at the gap latitudes. With this imposed eastward stress field, the
resulting surface Ekman transport is directed northward across the gap because the
Coriolis parameter f is negative in the southern hemisphere. The essential element of
the surface thermal forcing consists of a fixed meridional temperature gradient across
the gap, with warmer, less dense fluid on the northern (equatorward) side of the gap
and cooler, denser fluid on the southern (poleward) side. This combination of surface
forcing and basin geometry is sufficient to produce, through the large-scale dynamics,
a thermal circumpolar current that flows through the circumpolar connection in the
rectangular basin.

These ideas can be illustrated with a simple quantitative dynamical model that
makes the dependence on the thermal and geometric parameters explicit. Consider
the thermodynamic equation in its adiabatic large-scale form (4.10) and for steady
flow. Let the ocean-surface temperature T be specified as

T, Ys=y<y-,
Ts=1T-+Gr(y—Vy-), y-=Yy<Vs, (7.19)
T, Y+ =Y < YN,
where
T, -T_
Gr=—— (7.20)
Y+ — Y-

is the constant meridional temperature gradient across the gap and where T, > T_
(Figure 7.3). Let the wind stress be purely zonal with meridional dependence such
that the Ekman vertical velocity Wg = dVg/dy is

W_sin [n (jiyjs)] . Ys<y<VY-,
W =10, y- <Yy <V, (7.21)

wsin[7 (32)]. v =y <w
where W_ > 0 and W, < 0 are constants that satisfy W_(y_ — ys) + W, (yn —
y.) = 0 so that the Ekman circulation conserves total volume. Thus there is upward

Ekman pumping south of the gap, no Ekman pumping within the gap, and downward
Ekman pumping north of the gap. Because of the surface thermal boundary condition
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Figure 7.3. (top) Surface thermal conditions Ts(y) vs. latitude y and (bottom) merid-
ional cross section of ocean isotherms vs. latitude y and depth z for the analytical
model (7.19)—(7.28) of a thermal circumpolar current. The circumpolar connection
occupies the region y_ < y < y,, —Hg < z < 0. The surface temperature takes the
uniform values T, and T, north and south of the gap, respectively, with a constant
gradient across the gap. Everywhere south of the gap or below z = —Hg, the ocean
temperature is equal to the cold southern surface value T,. In the region north of the
gap and above z = —Hg, the ocean temperature is equal to the warm surface value
T:. The ocean temperature at each point (y, z) in the gap is equal to the corresponding
surface temperature Ts(y) in the gap.

(7.19), the latter represents a continuous source of warm (T = T,) fluid entering the
subtropical gyre north of the gap (y > y.).

With the surface temperature Ts given by (7.19), it follows that the fluid south of
the gap (y < y_) must have T = T_ everywhere because Ts = T_, and any warmer
fluid will be brought to the surface by convective adjustment and immediately cooled.
Thus the motion in the southern wind-forced region (ys < y < y_) is barotropic. A
zonal integral of the geostrophic Sverdrup balance Vs = fWE gives the interior
surface geostrophic pressure ps(x, y) inys <y < y_:

ps(X, y) = _pof‘#(XE — X) sin |:r[ <yy_—yyssﬂ . (7.22)

Because ps(X, Ys) = ps(X, Y_) = ps(Xe, ¥) = 0and ps decreases westward, contours
of ps will have the standard, roughly semicircular gyre structure, with open contours
adjacent to the assumed western boundary layer. The corresponding geostrophic
motion around the gyre will be cyclonic (clockwise in the southern hemisphere),
with eastward motion adjacent to the gap, westward motion adjacent to the southern
boundary, and southward motion everywhere.
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North of the gap (y > y.), it is natural to make the traditional assumption that
the geostrophic no-normal-flow condition may be applied directly to the interior flow
along the eastern boundary so that isotherms along the eastern boundary must be
flat. Because the sidewalls extend continuously around the basin up to the sill depth
Z = —H, it follows that the fluid beneath the sill depth (z < —Hs) musthave T = T_
along the entire eastern boundary. In contrast, the fluid pumped downward from the
surface layer north of the gap (y > y,) has uniform temperature T = T,, and the
geostrophic constraint prevents any southward return flow of this warm fluid across
the gap above the sill depth. Along the eastern boundary, then, the warm (T = T, ) fluid
will extend downward all the way to the sill depth z = —Hg, where it first encounters
opposition from cold (T = T_) fluid able to flow northward geostrophically.

Consequently, the fluid north of the gap divides into two layers: a lower layer that
has T = T_ and is at rest and an upper layer of thickness h(x, y) thathas T = T, and
is driven by Ekman pumping, with eastern boundary condition h(xg, y) = hg = Hs.
The solution for the moving, upper layer north of the gap will then be that for the
one-layer wind-driven model with hg = Hs:

h(x, y) = [H2 + D3(x, )%, (7.23)

where, fory, <y < yn,

2f2 . —

D2(x, y) = —W(XE — X)W, sin [n (yx; _y;r)} , (7.24)
where now y; = gat(T,. — T_). The surface pressure ps(X,y) = y1 h(Xx, y), and
because h(x, y;) = h(x, yn) = h(Xg, y) = Hsand h increases westward, contours of
h and ps will again have the standard subtropical gyre structure, with open contours
adjacent to the western boundary. The corresponding geostrophic motion around this
subtropical gyre will be anticyclonic (counterclockwise in the southern hemisphere),
with eastward motion adjacent to the gap, westward motion adjacent to the northern
boundary, and northward motion everywhere.

When the warm fluid north of the gap reaches the northern edge of the gap just
below the sill depth, it will flow southward across the gap in a deep western boundary
current to compensate the northward surface Ekman transport across the gap and
close the meridional circulation cell. However, as it does so, it will flow beneath
colder surface fluid because of the imposed surface thermal gradient across the gap.
Convective adjustment must be invoked to remove this gravitational instability. The
effect of this adjustment is that the water column at the sill will assume the local
surface temperature throughout the depth range from the surface z =0 to the sill
depth z = —Hs (Figure 7.3):

T(x~xw,Y,2)=Ts(y) fory- <y<y,, —Hs<z=<O0. (7.25)
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By the thermal wind balance, a zonal geostrophic flow will be associated with this
temperature field. Because a purely zonal geostrophic flow with vertically uniform
temperature is an exact solution of the planetary geostrophic equations (with «y = 0),
this temperature field may be extended zonally across the basin so that

T(X,y,2)=Ts(y) for y-<y<y,, —Hs<z<O0. (7.26)

Away from the deep boundary current, the deep, cold (T = T_) interior fluid
beneath the sill is stagnant, so the pressure at the sill depth z= —Hs is uniform.
The hydrostatic relation may therefore be integrated vertically from the sill depth to
construct the pressure field p’ in the gap, giving a purely zonal geostrophic velocity
field:

P'(Y. 2) = podorr Ts(y)(z + Hs) (7.27)

TGT (z+ Hs) (7.28)

u(y, 2) =

fory. <y <y,, Hs=<2z=<0. Because Gt > 0and f < 0, the flow described by
(7.28) is eastward (u > 0). The total integrated zonal transport U, of this circumpolar
current is

Y+ f_ H2
UC_/ / udydz—gaTGT—In—~—gaT(T+—T ) . (7.29)
e 26 1,
where f_ = f(y_) and f, = f(y;). The previous solutions north and south of the
gap show that the gyre flow adjacent to the gap is also zonal and eastward but is
much weaker than the zonal jet in the gap. The meridional circulation is assumed to
be closed by a deep western boundary current at the sill, just beneath the sill depth.
It follows from (7.28) and (7.29) that in this model, the zonal velocity u and total
integrated zonal transport U; of the circumpolar current depend only on thermal
and geometric parameters. This perhaps surprising conclusion is consistent with the
preceding discussion of the geostrophic constraint, in which it was shown that the
wind forcing, through the Sverdrup relation or the zonal momentum balance, does
not determine the transport of the circumpolar current in the large-scale dynamical
context. Instead, the current in this model is a thermal geostrophic current that owes its
existence entirely to the meridional gradient of ocean temperature at the gap latitudes.
The subsurface meridional temperature gradient arises as a result of surface warming
and subsequent downward Ekman pumping of fluid transported northward across the
gap in the wind-driven surface Ekman layer. Thus the existence of westerly wind
forcing in the gap latitudes is essential for the formation of the current even in this
model: without the wind forcing, the warm fluid north of the gap could be confined
to an infinitesimally thin surface layer, resulting in no interior zonal geostrophic flow.
Provided there is sufficient westerly wind forcing to drive the meridional surface
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Ekman flow, however, the resulting circumpolar geostrophic current is independent of
the strength of the wind in this large-scale geostrophic model. Instead, the amplitude
of the current depends on the meridional difference in surface temperature across the
gap and on the width and depth of the gap.

Although it contains only the simplest abstract elements of Southern Ocean geom-
etry, forcing, and dynamics, this construction is perhaps the simplest physically based
model for the existence of the Antarctic Circumpolar Current. For dimensional scales
T, —T_=5K,y; —y_ =500km, and Hs = 2000 m, the resulting dimensional val-
ues of zonal surface current speed from (7.28) and total circumpolar current transport
(7.29) are 0.1 m s~* and 100 x 108 m3 s~1, respectively. These values are compara-
ble to observed speeds and transports of the Antarctic Circumpolar Current. It must
be emphasized, of course, that though this analytical model is a plausible, heuris-
tically motivated solution of the large-scale dynamical balances, it is not a unique
solution of a specific boundary value problem. In addition, if geostrophic motions
at smaller space and time scales are allowed, the model circumpolar geostrophic jet
with vertical isotherms is certain to be unstable to baroclinic disturbances so that
the pure zonal parallel flow will not be observed in an uncontrolled physical sys-
tem. Nonetheless, this model provides an accessible, quantitative demonstration of
essential planetary geostrophic mechanisms that are likely involved in setting the basic
large-scale circulation patterns of the Antarctic Circumpolar Current and the Southern
Ocean.

7.5 Circumpolar Flow in Sverdrup Balance

The purely zonal flow of the circumpolar current, through the unblocked zonal channel,
is an unrealistic feature of the previous model. A combination of wind and thermal
forcing can be constructed so that the circumpolar jet has a meridional component
of motion that is in Sverdrup balance with a vertical velocity induced by surface
Ekman transport divergence. With the assumption of the existence of a boundary
layer that closes the meridional flow, the resulting generalization provides a model for
the circumpolar flow in the Southern Ocean that is substantially more representative
of the observed geometry.

Suppose that the imposed surface temperature distribution is modified so that the
isotherms trend southeast with constant meridional slope dy/dx = —s < 0:

T, 0<y<¥-(x),
T, ) =1 T-+Gr(y—¥-), ¥-(X) <=y < ¥:(x), (7.30)
T+’ y > y+(x)’

where V_(X) =y_- —s(X — Xg), Y+(X) =Y+ —S(Xx —xg). The isotherms are
assumed vertical in the current, as before, so the pressure field is given by the
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Figure 7.4. Dimensionless Sverdrup stream function contours (contour interval: 0.5,
solid lines; 0.05, dotted lines) vs. longitude x and latitude y for the model (7.30)-
(7.35) of a thermal circumpolar current in Sverdrup balance with divergent Ekman
transport. The meridional stream function contours (dotted lines) represent meridional
Ekman transport supported by Ekman upwelling in the circumpolar current.

same vertical integral; in this case, there is meridional as well as zonal geostrophic
flow:

P'(y, 2) = Ts(X, y) (z+ Hs), (7.31)
u(y. 2) = —ganGT (z+ Hs), (7.32)
oy, 2) = w(” He) (7.33)

for y_ <y <¥,, z> —Hg (Figure 7.4). Thus v/u = —s, so the flow is along
isotherms. This means that the flow again satisfies the adiabatic thermodynamic
equation (4.10) because, also, dT/dz =0 by assumption; indeed, (4.10) will be
satisfied for any steady geostrophic flow inwhich u = Oatafixed leveland 3T /dz=0
because the sum of the horizontal advective terms then vanishes identically, as does
the vertical advective term.

The associated vertical motion in the current can be obtained either from the
Sverdrup balance or the continuity equation, giving

B

TTi He)?,  §-(X) <y < §4(X), (7.34)

w=SsGt
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so that the implied surface Ekman suction velocity is

H2
Wg = SGT’B—S =W; > 0. (735)
2f2
The additional Ekman transport required to balance this surface divergence for

() =y <y (x)is

y H2 /1 1
Ves(X,y) = | W dy = sGTﬁzS (fT - T) , (7.36)
v —

where f_ = f(§_). To complete the solution for the flow in the region y > ¥.
in a convenient manner, this Ekman transport can be held constant in the region
¥.(X) <y <y, (Figure 7.4) and added at y = y, to the northward transport that is
pumped downward through Ekman convergence in the subtropical gyre at latitudes
y>Y+.

Because §_(xg) = y- and ¥, (Xg) = ¥4, the current flows through the gap y; <
y < y_ at X = Xg, as before, with s = W5 = 0. Now, however, it emanates from
the interval ¥_(xw) < y < ¥, (Xw) at X = xw, where §_(Xw) = Y- + S(Xg — Xw) >
y_ and ¥, (Xxw) = Y4 + S(Xg — xw) > y;. If s is sufficiently large that §_(xw) >
y., this interval will lie completely north of the gap, and a barrier may be placed
just downstream of the gap so that no zonal contours (except, perhaps, those in a
narrow break in the barrier, to preserve the geostrophic constraint) are unblocked
without obstructing the current. It is assumed that a boundary layer can exist that
connects the two portions of the current by the required meridional deflection in
the narrow region between the gap and the barrier. To close the flow, an amount
of fluid equal to the total Ekman surface divergence in the southeastward flowing
current must also be added to the current in this western boundary layer from the
southward-flowing boundary current associated with the subtropical gyre in the region
y > ¥ (xw). .

At each longitude x, the total zonal transport U.(x) of this current is

Uc(x) G He In f (T, —T)) Hy (7.37)
= gu — N =— ~ —QJu — )=, .
c gor Tzﬁ o ot (l+ 27,

where f_ = f(§_) and f, = f(¥,). Thus the total zonal transport of the eastward
current decreases gradually eastward as the Ekman suction extracts fluid from the
current and exports it northward to the subtropical gyre. Although the transport U¢(x)
depends again only on thermal and geometric parameters, the eastward-decreasing
portion of the transport, which arises directly in response to the Ekman suction, can
be viewed as an explicitly Sverdrup-driven component of the circumpolar current,
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with magnitude

Usver = Ljc(XW) - LjC(XE)

_ HE fy fZ(XW)
= garGra, In [ f fl(xW)]
H32 Y- [y+ + s(Xe — xw)] }
= Gr—=> , 7.38
GarGr g5 In { Vo Iy- + S0 —xw)l (7.38)

and is exactly equal to the integral of the Ekman suction velocity (7.35) over the total
area of the current. This portion of the current does not complete a circumpolar circuit
but instead returns within the basin xw < X < Xg through the subtropical gyre and
the western boundary current.

Thus, when a meridional Sverdrup flow is included in this simple model, the total
circumpolar transport remains independent of the Sverdrup-driven component. This
example illustrates that even when the circumpolar current is in Sverdrup balance
with an Ekman suction field, the Sverdrup transport balance (3.35) determines its
meridional transport but not its zonal transport. Note that in this model, the imposed
surface temperature distribution (7.30) and the Ekman forcing (7.35) that supports the
meridional Sverdrup flow cannot be specified independently.

7.6 Abyssal Circulation

The models discussed in the preceding sections illustrate that in the presence of the
circumpolar gap, the surface Ekman and thermodynamic forcing combine with the
geometric constraints to support a baroclinic circumpolar current that flows through
the gap. Associated with this current is a deep layer of warm fluid north of the gap that
extends downward to the depth z = —Hg of the topographic sill in the circumpolar
gap. In the closed single-hemisphere basin without the circumpolar gap, a diffusively
driven deep flow beneath the wind-driven subtropical gyres results from the inclusion
of a turbulent heat diffusivity in the thermodynamic energy equation (Chapter 5). In
the same way, turbulent heat (and salt) diffusion at the interface between the deep,
warm layer north of the circumpolar gap and the abyssal, cold (T = T_) layer of fluid
beneath will result in a diffusively driven circulation in the abyssal layer.

A simple model of this diffusively driven abyssal circulation can be constructed
by imposing a diffusively driven vertical velocity field at the top of the abyssal layer.
Such an approach relies on the assumption that, as in the case of the internal boundary
layer theory for the subtropical main thermocline, the diffusion is sufficiently weak
that it does not alter the large-scale spatial structure of the warm-layer thickness or the
layer-interface depth. Because the characteristic thickness Hy — Hs =~ (2/3) Ho of the
abyssal layer is substantially larger than the wind-driven deformation h(x, y) — Hs of
its upper interface, the additional approximation may be made that the abyssal layer
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has constant thickness H_ ~ Hy — Hs. If the imposed diffusively driven vertical
velocity field is W_(X, y), then the associated meridional geostrophic transport V_ in
the abyssal layer is

f
Vo= —W.. 7.39
5 (7.39)

Because W_ > 0, the abyssal transport will be poleward, just as in the case of the
diffusively driven deep flow in the closed single-hemisphere basin. For the southern
hemisphere basin, this transport will be toward the southern polar source of cold
(T = T_) fluid, and a deep western boundary current will again be required to close
the circulation. The corresponding geostrophic pressure in the abyssal layer is

/ 100 f X ! ! IOO fz X !/ /
P ) = 0 [ Vo = S [ Wk, (140)
H* XE ﬂ H* XE
from which the zonal transport U_ can also be determined:
1 ap
B By (7.41)
pof ay

This diffusively driven circulation in the abyssal layer beneath the level of the
circumpolar gap provides a simple, illustrative model of the basic dynamics of the
observed abyssal meridional overturning cell associated with the formation and north-
ward movement of Antarctic Bottom Water, its subsequent upwelling to intermediate
depths at midlatitudes, and its southward return flow and renewal. There is observa-
tional evidence that deep, turbulent vertical diffusion is elevated in regions overlying
relatively rough seafloor topography. Stronger diffusion and thus larger W_ would
lead to stronger meridional flow in such regions, with zonal flow dominating in regions
of weak turbulent vertical diffusion.

7.7 Notes

The model of depth-integrated circumpolar flow with linear frictional closure was
developed by Gill (1968). The baroclinic model of circumpolar flow is that described
by Samelson (1999), which was in turn motivated by the early primitive-equation
numerical experments of Gill and Bryan (1971). Theories of circumpolar flow involv-
ing the interaction of a barotropic or equivalent barotropic current with seafloor topog-
raphy have received considerable attention, following the initial work of Kamenkovich
(1960); the discussion here focuses on the basic large-scale thermal and geostrophic
velocity structures arising from the constraints of large-scale dynamics, thermody-
namics, and basin geometry rather than on the steering of the resulting circumpolar
current by topographic interaction.



8
Mid-Depth Meridional Overturning

8.1 Meridional Overturning Circulations

An essential element of the circulation of the Earth’s ocean is the large-scale overturn-
ing flow that spans its full meridional reach, from the high southern to the high northern
latitudes. To represent this flow, the single-hemisphere basin must be extended across
the equator so that it reaches both the high southern and the high northern latitudes.
Such a double-hemisphere rectangular basin, again with a circumpolar connection
at the high southern latitudes, may be considered a simple model of the Atlantic
sector of the world ocean (Figure 8.1). The extreme southern and northern latitude
of the model basin, y = ys and y = yy, will now be in the southern and north-
ern hemisphere, respectively. The western and eastern boundaries remain at X = Xy
and x = xg, with periodic boundary conditions for the circumpolar connection at
V- <Y<V, Z>—Hs.

This idealized basin retains the basic structure of the Atlantic basin, including the
important circumpolar connection in the Southern Ocean. Despite neglecting many
potentially significant features, including the second existing connection through the
Bering Strait and the Arctic and Pacific Oceans as well as all the other complexities of
seafloor topography and coastal and island geometry;, it provides a useful starting point
for the exploration of fundamental aspects of the large-scale overturning circulation.
In such a simplified two-hemisphere basin, the circulation patterns that are naturally
restricted to a single hemisphere, such as the subtropical and subpolar gyres and
the circumpolar current, can be anticipated to retain the basic features and character
that they possess in a single-hemisphere basin. The essential new possibility that is
introduced in the two-hemisphere geometry is that of large-scale meridional flow in
the presence of low surface temperatures at both latitudinal extremes of the domain,
through or past a region of high surface temperatures in the intermediate midlatitude
and tropical regions. This contrasts with the single-hemisphere case, in which the
large-scale flow occurs in the presence of meridional profiles of large-scale surface

128
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Figure 8.1. Domain geometry for the rectangular, double-hemisphere basin with
circumpolar connection. The lateral boundaries are vertical, rigid walls at X = Xxg,
X =Xw, Y =VYs and y = yy, exceptinthegapregiony_ <y <y,,—Hs <z <0,
where zonally periodic boundary conditions are imposed at X = Xg and X = Xy,
allowing circumpolar flow. The rigid, flat top and bottom are at z= 0 and z = — Hy,
respectively, and the equator isat y = 0.

temperature that are essentially monotonic, with low temperatures at the polar extreme
and high temperatures at the tropical extreme.

In this geometry, consider a conceptual extension of the analytical models of
circulation in the southern hemisphere basin with circumpolar connection, in which a
simple representation of observed cooling at extreme northern latitudes is included by
imposing a conversion of warm fluid to cold fluid in the northern subpolar gyre. The
inclusion of this surface cooling and deep-water formation at the extreme northern
latitudes results in the possibility of an entirely new circulation pattern: a mid-depth
meridional overturning cell that is driven by upwelling and surface warming of cold
deep water at the extreme southern latitudes, as in the previous model, but that
now extends across the equator to high northern latitudes, where the warm upwelled
surface waters may cool, sink, and return southward to the extreme southern latitudes.
This pattern represents a plausible conceptual model of the observed mid-depth cell
associated with the formation and circulation of North Atlantic Deep Water. The mid-
depth cell is the third basic, large-scale, zonally integrated, meridional overturning
circulation pattern found in the world ocean, along with the wind-driven subtropical-
centered Ekman cells and the diffusively driven abyssal cell associated with the
formation of Antarctic Bottom Water. Both latter cells function in nearly the same
way in the single- and double-hemisphere basin; the mid-depth cell, however, exists
only in the double-hemisphere configuration.

A defining characteristic of this mid-depth meridional overturning circulation is
that it allows net heat transport by the ocean from one hemisphere to the other,
with surface warming of cold, upwelled water in the southern hemisphere, followed
by surface cooling in the northern hemisphere. In contrast, in the single-hemisphere
model discussed earlier, with a thermal circumpolar current supported by wind-driven
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upwelling south of the circumpolar connection and downwelling in the southern
hemisphere subtropical gyre, the implied ocean heat fluxes balance locally in zonal
and vertical averages so that there is no net meridional heat transport by the cell. The
double-hemisphere mid-depth cell plays an important, though still poorly understood,
role in the Earth’s climate system, largely through its ability to support this large-scale,
meridional, cross-hemisphere heat transport.

Mechanistically, the mid-depth meridional overturning cell can be viewed as a
pump and valve system. There are two primary pumps that may operate: wind-driven
Ekman transport northward across the circumpolar gap and interior turbulent diffusion
from breaking internal waves and other sources of small-scale vertical mixing. Both
mechanisms convert cold, dense water into warm, less dense water and force the
warmed fluid up the surface dynamic pressure gradient across the circumpolar current
or into the upper thermocline of the subtropical gyres. The reciprocal conversion of
warm fluid to cold fluid in the high northern latitudes acts as a valve that controls the
flux out of the warm layer, where the surface dynamic pressure is maximum.

When the valve is on, the warm—cold conversion balances the cold-warm conver-
sion, and the fluid is cold and the surface dynamic pressure is low in the northern
hemisphere subpolar gyre. In this case, a cross-equatorial overturning cell exists, with
northward flow of warm surface water and southward return flow of cold deep water.
Most of the meridional transport is carried by western boundary currents, both in the
warm upper layer and in the cold deep layer; continuity of boundary currents and
pressure gradients across the equator is assumed. When the valve is off, the model
reverts essentially to the single-hemisphere configuration: there is no warm—cold con-
version at high northern latitudes, the entire basin north of the gap fills with warm fluid
until it reaches the sill depth, and the overturning cell is short-circuited in the southern
hemisphere, with no motion north of the Ekman downwelling latitudes of the southern
hemisphere subtropical gyre. Note that the valve-off southern hemisphere overturning
cell still involves heat exchange in the Ekman layer and in the deep boundary current
along the sill as the fluid crosses the gap; however, as in the single-hemisphere case,
these exchanges balance locally in zonal and vertical averages so that there is no net
meridional heat transport by the cell.

8.2 A Model of the Warm-Water Branch

The full meridional overturning circulation—with its enormous range of scales of
active fluid motion, its interaction with seafloor and coastline topography and geom-
etry and with the mesoscale eddy field, and its subtle dependence on small-scale
turbulent flows in boundary layers and in the interior—presents a geophysical fluid
dynamical problem of daunting complexity. However, some important characteris-
tics of the large-scale flow can be exhibited and explored with a simple, one-layer,
reduced-gravity model of the upper limb of the mid-depth meridional overturning cell
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Figure 8.2. The reduced-gravity model (8.1)—(8.9), with (8.30)—(8.31) of the warm-
water branch of mid-depth meridional overturning. (left) Schematic cross section
showing model warm-layer depth z = —h (thick solid line) and equivalent dia-
batic forcing depth z = —h, (dashed line) vs. dimensionless latitude y and depth
z. The model circumpolar current flows through a circumpolar gap y_ <y < vy,
—Hs < z < 0 (dotted line), at which the eastern and western boundary conditions
are periodic and which extends beneath the current to the sill depth z = — Hg. The ver-
tical isopycnals of the model circumpolar current associated with the warm layer (thin
solid lines) fill the upper portion of the circumpolar gap to the depth z = —h,, which
lies above the sill. There are three types of transport into and out of the warm layer
(arrows): the northward near-surface Ekman transport Mg and southward interior
eddy flux M. across the gap, and the vertical diabatic flux W(X, y) across the base of
the warm layer; the latter typically includes both upwelling at midlatitudes and down-
welling at high northern latitudes. (right) Dimensionless forcing functions vs. lat-
itude y. A modified stress profile with t; = 0.5 is also shown (dashed line). (From
Samelson [2009]. © American Meteorological Society. Used with permission.)

(Figure 8.2). This upper limb is the warm-water branch of northward-flowing fluid,
which is supplied by a combination of wind-driven upwelling, northward Ekman
transport, and surface warming in the high-latitude southern hemisphere and diffusion-
driven warming and upwelling in both hemispheres. The base of the model layer may
be loosely identified with an isothermal surface near 7°C in the Atlantic, which
outcrops at the latitudes of the Antarctic Circumpolar Current in the south and the
northern subpolar gyre in the north, and nowhere in between. Two essential simplifi-
cations of the model are that the layer is taken to have a uniform temperature and that
motions and pressure gradients in the fluid beneath the layer are neglected. Exchange
of fluid between the active layer and the fluid beneath, owing to surface cooling and
sinking or to diffusive warming and upwelling, is represented by a diabatic velocity
W at the base of the layer; this velocity also effectively includes any surface mass
exchange through evaporation and precipitation.

The mass, or volume, balance of the isothermal layer with layer thickness h(x, v, t)
is given by the equivalent of (4.68), with the sum of the local rate of thickness change
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and the divergence or horizontal transport in the layer being equal to the diabatic
velocity W at the base of the layer:
oh  a(hu)  a(hv)
at X ay

= W(X,Vy,1). (8.1)

In contrast to (4.68), the Ekman pumping velocity Wg does not appear in (8.1);
instead, the wind stress will be included directly in the momentum balance for the
layer, and the Ekman flow will be subsumed into the motion of the layer. The diabatic
velocity W is defined as positive upward so that W > 0 corresponds to a flux of
fluid into the layer. For simplicity, solutions will be considered in which the layer has
positive thickness (h > 0) everywhere in the domain north of the circumpolar current,
and the thickness is also taken to vanish (h = 0) immediately south of the northern
edge of the circumpolar current which, for simplicity, is taken to be zonal, aty = vy, .
Thus the layer covers xw < X < Xg, Y. <Y < Yn.

The diabatic velocity W primarily represents gain or loss of fluid through the
isothermal surface represented by the base of the active layer owing to small-scale
turbulence, air-sea fluxes, and other small-scale processes that are not strictly large-
scale phenomena but must be included because of their significant mean effect on the
large-scale warm-water balance. A simple formulation, adequate to illustrate basic
aspects of the role of these diabatic exchanges, is chosen here, in which the diabatic
velocity W is locally proportional to the difference of the square of the layer thickness
h and an imposed function h?(x, y, t), which can be chosen to represent heating at
midlatitudes and cooling near the poles:

W(x, y, 1) = —Aw[h*(x, y,t) — h2(x, y, t)]. (8.2)

In (8.2), Aw is a given constant of proportionality, and h? is a given function of x,
y, and t. Note that this formulation is equivalent to the sum of a diabatic forcing,
or mass source, F,, = Aw h?(x, y) and a nonlinear damping, or mass sink, D,, =
—Aw h?(x, y). Because it is only the departure from local balance that drives the
motion, however, interpretation is simpler for the difference form (8.2). In the solutions
considered here, hi will be independent of x.

Equation (8.1) may be integrated over the full area of the layer to obtain the
integrated, time-dependent warm-water balance. With no-normal-flow boundary con-
ditions at the rigid walls, this gives

d YN XE
—/ / hdxdy = Mg + Me + M. (8.3)
dt Y+ Xw

In (8.3), My is the area-integrated diabatic flux,

YN Xe
My = / / W(x, y, t) dx dy; (8.4)
Y+ Xw
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Mg is the zonally integrated northward Ekman transport across the northern edge of

the circumpolar current,

)
pofy’

ME = VE_(XE — Xw), VE— = (85)
where V¢ is the vertically integrated Ekman transport per unit longitude at y =y, ;
and Mg is an eddy flux of warm water across the circumpolar current. In (8.5),
f. = f(yy), and it is assumed that the zonal wind stress at y = y, is independent of
the zonal coordinate Xx.

The eddy flux M of warm-water volume across the circumpolar current is mediated
by mesoscale motions and thus, like the eddy fluxes considered in the context of the
potential vorticity homogenization theory, is strictly not a large-scale circulation
phenomenon. There are two primary motivations for the inclusion of this flux in the
balance. First, numerous pieces of observational evidence suggest that this flux is likely
a significant component of that balance. For example, it was argued in the previous
chapter that in the absence of such fluxes, the circumpolar current isotherms would
extend vertically downward to the sill depth, but many of the analogous isosurfaces in
the Antarctic Circumpolar Current are observed, instead, to bend equatorward before
the sill depth is reached. Second, as was noted in the previous chapter, the vertical-
isotherm structure derived from large-scale considerations for the circumpolar current
can be expected to be violently unstable to baroclinic disturbances, so it is desirable
to include, at a minimum, some estimate of the mean effect that these disturbances
will have on the large-scale flow.

A suitable, simple estimate of the amplitude of the eddy fluxes from such distur-
bances can be constructed on the assumption that their strength is locally proportional
to the effective mean slope of isothermal surfaces across the current. For a circumpolar
currentwith fixed width L. = y, — y_, thisslope can be estimatedash(y = y;)/Lcc.
The vertically integrated flux Ve will then be proportional to h?(y = y,)/Lcc. With
this motivation, the zonally and vertically integrated eddy flux M can be taken as

Me = Ve(Xe — Xw), Ve = —AchZ, (8.6)

where

1 XE
h2(t) = M/XW h2(x, v, t) dx (8.7)
is the zonal-mean squared depth of the warm layer at y = y,, and the factor of
1/L. has been absorbed into the eddy-flux coefficient Ae. The prescription (8.6)
gives a southward eddy volume flux, out of the warm-water layer, that increases with
increasing thickness of the warm layer alongy = vy, .

To close the problem for the layer thickness h, it is necessary to consider the
horizontal momentum equations. As in the case of the wind-driven single-hemisphere
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circulation, these consist of the large-scale geostrophic balance, supplemented by the
Ekman transport relations. Thus a presumption of the formulation is that the warm-
water branch of the mid-depth cell lies above the main, internal thermocline and is
subject to the direct action of wind, at least in the sense of ventilated thermocline
theory, which here is represented in its most simplistic form by a single active layer.
To obtain equations that can be solved in the closed basin, it is necessary, as in the
case of Equation (3.38) describing the depth-integrated wind-driven circulation in
the single-hemisphere basin, to include some representation of frictional effects in
the dynamical equations. As in that case, it is sufficient to add a linear frictional
drag force to the depth-integrated momentum balance, which supports the presence
of the lateral boundary layers that allow solution of the equations in closed basins.
Here the linear friction also supports the movement of fluid across the equator in a
simple equatorial boundary layer. Thus the resulting set of depth-integrated zonal and
meridional momentum equations is

ah x

— foh=—ph —rhu+ 22 (8.8)
ax £0
ah o

fuh = —ph— —rho 4+ 2. (8.9)
ay £0

In (8.8)—(8.9), the Coriolis parameter is f = By; y1 = gat(T1 — T>) is the reduced
gravity based on the temperature difference between the warm-water layer and the
fluid beneath, r is a constant friction coefficient, and (zX, =) = 7., is the imposed
vector wind stress.

At the equator, a singularity arises in the planetary geostrophic equations as a
result of the vanishing of the Coriolis parameter f. Because of this singularity, the
circulation in the equatorial region can be anticipated to acquire a boundary layer
character. In general, because it materially conserves the potential vorticity f 9T /dz,
planetary geostrophic flow is not capable of transporting flow from one hemisphere to
the other, except perhaps in the special case in which the fluid is not stratified: changing
the sign of f while conserving potential vorticity requires changing the sign of the
vertical gradient of temperature, which generally results in gravitational instability.
Thus, from the point of view of large-scale theory, the equatorial boundary layer tends
to act as a rigid barrier to cross-equatorial motion, with cross-equatorial exchange
primarily confined to boundary sublayers at the western and eastern boundaries.
As in the case of the western boundary layers for the single-hemisphere theory, it
will generally be assumed for the analytical solutions that the sublayer is capable
of supporting the transports required by the large-scale flow, and the details of the
boundary layer structure will generally not be explored. At the eastern boundary,
the primary assumption will be that the pressure, or isothermal surface depth, is
continuous across the equator so that the midlatitude eastern boundary conditions will
extend across the equator in a simple manner.
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The equations may be made dimensionless using the dimensional scales of Section
2.1, with the depth scale H, = 1000 m replacing D, wind stress scale 7, = 0.1 N m~2,
horizontal velocity scale U = 7, /(po foH,) =102 ms™, fo=10"*s71, and g =
2 x 10~ m~1 s71. The scale for volume transport is then U H,L =5 x 106 m3 s~
The resulting dimensionless equations have the same form as the dimensional equa-
tions, with the parameters y1, h2, Ao, Aw, and r scaled by foUL/H,, H2 U/H,,
U/(H.L), and fq, respectively. For 1 = gat AT, this gives a dimensionless value
y1 = 20. The depth scale H, is a large-scale, midlatitude, warm-water penetration
depth estimated from observations (Figures 1.4-1.7); a theoretically motivated alter-
native would be the advective thermocline depth scale D, (5.20).

8.3 Weak Friction and Diabatic Forcing

For steady forcing and constant parameters, a simplified, approximate form of the
equations (8.1)—(8.9) may be obtained that is accurate for sufficiently small values
of the friction and diabatic forcing parameters, r and Aw, and is readily solved
analytically. This simplified form retains the slow time dependence associated with
the warm-water volume balance (8.3) and yields illuminating solutions for both steady
and time-dependent adjustment problems.

Asr — 0, with ), = 0, the no-normal-flow condition and (8.9) together imply that
the eastern boundary depth hg of the warm layer is constant along the boundary and
thus can depend only on time t:

h(x = Xe, V. t) = he(t). (8.10)

Similarly, as r — 0, the momentum equations (8.8)—(8.9) may be divided by f and
substituted into the mass conservation equation (8.1), yielding the modified, nonlinear
long planetary wave equation

he — %hhx + Awh? = Awh? — We, (8.11)
where, as earlier,
179 () d [t*
; /00|:3X(f) ay(f)] (812
Now, write h? as
h®(x, y.t) = hZ(t) + D3(x, y), (8.13)

with D2(x, y) a function satisfying D2(xg, y) = 0 but otherwise remaining to be
determined, and substitute this expression into (8.11) to obtain
hE dhE ,3]/1 0 DJZ_

FW - ﬁa—x + A\NhZE + AwD% = AWhi - WE- (814)
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When the flow is steady, the rate of change of hg vanishes from (8.14). In this case,
the function DZ(x, y) is determined by the steady state balance

aD? 2f2
—L _AD? = A(h2 — h2) + =— W, 8.15
i ( )+ﬁy E (8.15)
where
2f2 28 A
p=2p, =2 W2, (8.16)
Bn 71

When the flow is time dependent, dhg /dt will in general be no greater, and often
much smaller, than H,/t, = H,U/L = 1000 m/160 yr =7 m yr—!, while typi-
cal midlatitude values of Wg are of order 30 m yr—2. It follows that even in the
time-dependent case, it is consistent to neglect dhg /dt in (8.14) so that the function
D2(x, y) is determined to first order by the steady state balance (8.15). This is equiv-
alent to the assertion that the time scale for adjustment of hg is long compared to the
basin-crossing time at the long planetary wave speed cg = By.h/f2. If, in addition,
Aw is small enough that A(xg — xw) < 1, the terms in (8.15) that are proportional to
A may also be neglected, yielding

h(x, y, t) = [hZ(t) + D2(x, y)]"* (8.17)
2f2 X
Di(x,y) = %/ We (X', y)dx'. (8.18)

Thus the instantaneous spatial structure of h(x, y, t) is rationally approximated in
this limit by the familiar reduced-gravity expression of the steady state, adiabatic,
wind-driven Sverdrup theory. However, h depends on the still unknown instantaneous
value hg(t) of the eastern boundary thickness.

The condition that determines hg(t) can be obtained from the time-dependent
integrated warm-water volume balance (8.3). The rate of change of warm-water

volume is
d YN XE dh YN XE 1
—/ / hdxdy_hE—E/ / - dxdy. (8.19)
dt Y+ Xw Y+

The latter integral depends on hg and is not easily evaluated analytically. An adequate
approximation for h near the given characteristic thickness H = 1000 m of the warm-
water layer is

YN LXE ] 1
|7 x> e - xwdon - v 8.20)
Y+ Xw E

that is, the effective average of the wind-driven deformations D2(x, y) over the warm-
layer extent may, in this equation, be taken to be small relative to the eastern boundary
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thickness he. If, also, 3(zX/f)/dy ~ 0 aty = y,, so that h = hZ, then M, depends
only on hg:

Me = —(Xe — Xw) AchZ. (8.21)

With h given in terms of hg and D2, the northward transport of warm water per unit
longitude at latitude y is

YN _ _
V(y)=— [  W()dy = Aw(yn — ¥) [hZ + Di(y) — h2(y)], (8.22)
y

where

_ _ YN 2 X
D3(y) = & W L (’—W) d

yN—Y Jy Brioy \ f
XE — Xw 1[ X\ | YN /yN X :|}
= — | (yr -2 7, d 8.23
el ), oy (8.23)
and
N2 1 W 204/ ’
) = o [ n)dy (8.24)
YN—Y y

are known functions of y. Here it has been assumed that =), = 0 and that ¢ is
independent of x. Then My is given by

Mw = —(Xe — xw)V (Y+)
= —Aw(xe — xw)(Yn — y)[hZ + D2(y,) — h2(y,)], (8.25)

which depends only on known functions and on the unknown eastern boundary
thickness hg.

With the approximations (8.20), (8.21), and (8.25) to the corresponding terms in
(8.3), the resulting equation for the evolution of hg is

dhe | Ao+ Awlin—¥) . Ve

= — Aw[D2(y,) — h2(y,)]. (8.26
dt ey e = - AwIDiy) — L (820

Thus the time-dependent dynamics of this model reduce in this limit to the single, first-
order, ordinary differential equation (8.26). Although Equation (8.26) is nonlinear, it
has constant coefficients, and its analytical steady and time-dependent solutions can
be readily derived.
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8.4 Steady Solutions

The steady solutions hgg of (8.26) may be obtained by setting dhg/dt =0 and
he = hes and solving for hZ. This yields

VE — Aw(yn — Y4) [D2(y+) — h2(y4)]

h, = . 8.27
= Ae + Aw(yn — Vs) 620
The corresponding eddy and integrated diabatic volume fluxes are
Me = —(Xe — Xw)AchZs (8.28)
Mw = —(Xe — Xw)V (y+) = —(xe — xw) [VE — AchZ]. (8.29)

The condition dhg /dt = 0 means that the net flux of mass, or volume, into the warm-
water layer vanishes; that is, Mg + Me + My = 0. This steady solution is obtained
when the eastern boundary depth is such that the area-integrated diabatic flux My
exactly balances the sum of the Ekman and eddy transports, Mg and Mg, at the
southern boundary of the layer, at y = y,, along the northern edge of the circumpolar
current. In general, Mg will be positive, representing a northward Ekman transport;
Me will be negative, representing a southward eddy flux; and My, which represents
an integrated, net flux over upwelling and downwelling regions, may take either sign.

For the specific solutions discussed here, the imposed wind stress z,, is taken to be
purely zonal (Figure 8.2), with

X [rocos ¥, y3<y<ww=1, (630)
00 rocos?’”Ter%rl(l—cos%), Y. <y<ys<0, '

and 7y = 0, and the squared equivalent thickness function h2(y) for the diabatic
forcing north of the circumpolar channel is given by

h3—sh3ys, O0<y<yn=1,
h2(y) = { h2, yr <y <0, (8.31)
0, Ys <Y < V¥i.

The wind-stress coeffficients o and 71 and the midlatitude equivalent diabatic forcing
depth hy may be chosen to represent observed annual and zonal mean zonal wind stress
profiles and the approximate maximum depth of the subtropical main thermocline,
respectively. Note that h2 may be negative for sufficiently large 8th and y (Figure
8.2); by (8.2), this guarantees local cooling and diabatic flux out of the warm layer
(W < 0) at high northern latitudes because the squared physical layer depth h? can
never be negative.

For general values of the parameters, steady solutions of the model equations
(8.1)—(8.9), with (8.30)—(8.31), may also be obtained numerically. In this case, it is
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Figure 8.3. Contours vs. x and y for a steady dimensionless numerical solu-
tion of (8.1)—(8.9), with (8.30)—(8.31) and (Aw, Ae) = (2,1), 10 = -1, 11 =0, hy =
1,8h3 =4,y =20,r =0.02, and B = 1: (a) ¥ (contour interval (CI) = 0.5, with
Cl=2iny. =-072 <y <y, =-0.62andCl =1fory < y_), (b) h (Cl =0.02;
h=0 for y <vy,), and (c) ® (ClI = 0.05). (From Samelson [2009]. © American
Meteorological Society. Used with permission.)

convenient to decompose the horizontal transport into components from a stream
function W and a potential function @ so that
hu=-2Y 0%y, 0% 0P (8.32)
ay X ax ay
For weak friction and diabatic forcing, these numerical solutions have the form
anticipated by the asymptotic analysis. The stream function and thickness fields
show the familiar Sverdrup structure, with thickness increasing westward in the anti-
cyclonic subtropical gyres and decreasing westward in the cyclonic northern subpolar
gyre (Figures 8.3a and 8.3b). Superimposed on this wind-driven structure is the dia-
batic meridional flow, represented by down-gradient flow from the transport potential
(Figure 8.3c). The meridional flow is supported by northward Ekman transport across
the circumpolar current, diabatic upwelling at midlatitudes, and downwelling in the
northern subpolar gyre (Figure 8.4). The balance between Ekman transport and mid-
latitude upwelling as sources for the warm-water meridional overturning circulation
depends on the values of the parameters, especially o, 71, Aw, and Ae (Figure 8.5).
The most realistic representations of the ocean’s mid-depth circulation are likely
provided by solutions in which the Ekman and upwelling sources contribute roughly
equal parts to the overturning transport. Appropriate values of the eddy flux and
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Figure 8.4. (a) Contoursof Wvs. xandy (Cl=1forW < Oand Cl =0.05forW > 0)
and zonally integrated (b) vertical velocity fx’;j W(x, y) dx and (c) northward transport

_fXXE dy(x, y)dx vs. y for the steady numerical solution in Figure 8.3. For this

solution, W(x,y)=0fory_ <y <y,,and W(x,y) =276 forys=0<y <Vy_.
(From Samelson [2009]. © American Meteorological Society. Used with permission.)

diabatic forcing constants A¢ and Ay are otherwise uncertain. The analytical solution
shows that in general, the eastern boundary depth hg is not strongly sensitive to
variations in Ag and Aw when A + Aw > 1. As both A and Ay approach zero,
however, hg approaches infinity. Thus, for sufficiently weak eddy activity and diabatic
forcing, the warm water will extend downward to the sill depth of the circumpolar
channel. Note that for the preceding scales, A < 0.1 Aw, so the analytical solution
should be useful for, roughly, Aw < 3. Comparisons with numerical solutions confirm
this and show further that the analytical solution can provide useful guidance even for
larger values of Ay (Figure 8.5c).

From the analytical solution, other relations between parameters can be easily
obtained. For example, a special set of solutions can be found for which there is com-
plete compensation of the Ekman transport by the eddy flux so that My = V(y) =
0. For variable 75 and 6h,2\‘, for any Aw > 0, and with other parameter values fixed
as earlier, the eddy coefficient A¢ that gives this compensation varies over the range
0 < Ae < 8andisapproximately proportional to 7 for fixed §h,. Thus complete shut-
down of the wind-driven component of the overturning can be achieved for parameter
values that are not extreme. Note that in the analytical limit of small A, these values
of A are independent of Ay.
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Figure 8.5. (a) Contours of W vs. x and y (CI = 1 for W <0 and Cl = 0.1
for W > 0) for a steady dimensionless numerical solution of (8.1)—(8.9), with
(Aw, Ae) = (4, 1) and other parameters as in Figure 8.3; for this solution, W(X, y) =
310 forys<y<y_. Zonally integrated (b) vertical velocny f W(x, y)dx and
(c) northward transport — f dy(X, y)dx vs. y for steady numerical solufions with
(Ap, Ae) = {(4,1),(2,1), (2 2)} (thick solid line, thin solid line, and thick dashed
line, respectively) and other parameters as in Figure 8.3. In (c), the corresponding
approximate analytical results for the zonally integrated northward transport are also
shown (dash-dotted lines). (From Samelson [2009]. © American Meteorological
Society. Used with permission.)

As might be anticipated, the eddy flux Mg depends strongly on A and only weakly
on Aw. However, as Aw — 0, the dependence of Mg on A, weakens for larger values
of Ae. In this regime, A. has exceeded the value that shuts down the wind-driven
overturning, and the net flow meridional flow V (y,.) across the circumpolar current is
southward. The small values of Ay hinder upwelling of additional warm fluid north
of the current, leading to the saturation of M as A increases. In contrast, the net
meridional flow V (y, ) across the channel is, perhaps surprisingly, nearly independent
of Aw, except for Ay < 1/2, for which the shutdown of diabatic exchange north of
the channel results in approximate compensation for any Ae.

Variations in the parameter 7, affect only the southern hemisphere winds near the
circumpolar gap. The dependence of the net northward transport across the current,
V(y,), on 7y is strong for most values of A and Ay, weakening slightly for large A..
For small values of Ay, the dependence of V(y,) on t; also weakens, as the eddy
fluxes remove the warm-layer fluid more efficiently than the diabatic forcing, resulting
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in weak, approximately compensated transport across the current. In contrast, for fixed
Ae = 1, the eastern boundary depth hg generally depends only weakly on ; for fixed
Aw. The dependence of the eddy flux Me on 7 is relatively strong for large A and
small Ay and relatively weak for small A¢ and large Ayw. The meridional transport
V(y) north of the circumpolar gap and in the northern hemisphere also depends
on 7. At the equator (y = 0), this dependence is diminished roughly by half from
the dependence of V(y,) on ;. In the central latitudes of the northern hemisphere
subtropical gyre, this dependence is reduced by roughly half again.

Although highly idealized, the model illustrates several essential aspects of the
dynamics of the mid-depth meridional overturning. The amplitude and distribution
of the warm-water transport is determined by a three-way balance of northward
Ekman transport across the circumpolar current, southward eddy fluxes across the
circumpolar current, and diabatic exchange north of the circumpolar current, with
the latter typically including midlatitude upwelling and high northern latitude down-
welling. The model also illustrates the critical role of the eastern boundary layer
depth hg in setting the thermocline structure north of the current. Because this depth
is communicated instantaneously, in this approximation, along the eastern boundary,
it effectively controls the mean difference between the squared layer depth h? and the
squared equivalent diabatic forcing depth h? throughout the warm-water layer and
thus also the net diabatic flux through the base of the warm layer. At the southern edge
of the warm layer, this same depth controls the strength of the eddy fluxes across the
circumpolar current as well as the zonal transport of the current itself. Thus the eastern
boundary depth is an essential mediator in the competition between eddy fluxes and
interior diabatic fluxes that determines the amplitude of the overturning cell.

8.5 Time-Dependent Solutions

The time-dependent equation (8.26) for the eastern boundary thickness hg(t) is non-
linear. However, for steady forcing and constant parameters, it may be readily solved.
The time-dependent general solution is

2hesexp(—2uahgst) }
2hEs + AhE[l — EXp(—Z,U,AhESt)] ’

he(t) = hes + Ahg { (8.33)

where hgg is the steady solution (8.27); the constant Ahg is the difference of the
initial value of hg(t) from hgg,

AhE = hE(O) — hES; (834)
and the parameter w a is given by

_ Aet Awlyn — Y4)
YN — Y+

LA (8.35)



8.5 Time-Dependent Solutions 143

Thus the time-dependent solution approaches the steady solution exponentially, with
decay time scale

1
ZMAhEs.

Tvmoc = (8.36)

The approximate analytical solution (8.33)—(8.35) has several immediate implica-
tions. First, under conditions of steady forcing and parameter values, the approach to
the unique steady state solution is monotonic; despite the nonlinearity, there are no
oscillations and no multiple equilibria. Second, the nonlinearity does cause a depen-
dence of the approach time scale Tyoc (8.36) on the steady state solution value of
the eastern boundary thickness such that the approach to solutions with relatively
larger eastern boundary thicknesses will be relatively faster. Third, and perhaps most
important, the approach time scale Ty oc is directly proportional to the eddy flux and
diabatic parameters Ag and Aw.

Note also that whereas (8.33)—(8.35) describe the intrinsic time scale of thermocline
adjustment associated with the mid-depth meridional overturning, the adjustment of
the northward flux of warm water that comprises the warm-water branch of the mid-
depth overturning may occur more rapidly. This is because of the strong control exerted
on the meridional flux of warm water by changes in external forcing or parameters:
the effect on W of an instantaneous change in h,, may be comparable in magnitude
to that from the long-term adjustment of h, and the effect on Mg of an instantaneous
change in 7, may generally be larger than the change in W or M from the resulting
adjustment of h. Thus the warm-water branch of meridional overturning may respond
much more rapidly than the thermocline structure to changes in surface forcing.

For general parameter values and time-dependent forcing, the initial boundary
value problem for the full model equations (8.1)—(8.9) may be solved numerically
by standard methods. Steady solutions may be obtained numerically either by time
stepping the time-dependent equations or by solving the steady problem directly.
Comparison with the numerical solutions shows that the analytical approximations
are useful even for moderate values of the friction and diabatic flux coefficients. These
comparisons can be made directly for solutions that are obtained by initializing the
model with a known steady state, abruptly changing the forcing or parameters to
a different value, and integrating to equilibrium with the new forcing or parameter
values held fixed (Figure 8.6).

For the time-dependent problem, the numerical solutions give additional insight into
the short-term adjustment processes that are neglected in the analytical approximation.
With abruptly changed forcing or parameters, the time-dependent adjustment from
the initial to the final state proceeds in several stages. On very short time scales
t = Tigcal K tagy, With Tiecq corresponding to dimensional times of several months,
there is a local response in (8.1) to direct forcing or parameter changes, which often
extend southward along the western boundary to the equator and eastward along
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Figure 8.6. Eastern boundary thickness hg vs. time t from dimensionless numerical
solutions (thick solid lines) and from the analytical solution (8.33)—(8.35) (thin solid
lines). Results for a time evolution described by the functional form (8.33)—(8.35), but
with initial and final values taken from the numerical solutions, are indistinguishable
from the numerical solutions. For the numerical solutions, the meridional mean
of hg(y, t) is shown; the corresponding standard deviation of hg(y,t) from the
meridional mean at each time was 0.002 or less. In each case, the solutions were
initialized at steady states similar to those illustrated in Figures 8.3-8.5. The model
diabatic or wind-forcing parameters were then changed abruptly at time t = 0 and
were held fixed until the solutions approached the new equilibrium. (From Samelson
[2011]. © American Meteorological Society. Used with permission.)

the equator of the leading edge of the disturbance. These changes are essentially
instantaneous relative to the advective time scale t,qy &~ 160 years. Note that the time-
dependent penetration along the western boundary and equator may include boundary-
advective effects and is not simply Kelvin wave propagation; in the numerical solutions
with finite friction parameter r, the damped analog of Kelvin wave propagation is
effected instantaneously by the solution of a differential equation around the boundary
that results from the no-normal-flow condition.

On the longer, but still short, time scales (t ~ Tpwave & L/Cr < taav) Of planetary
wave basin-crossing times, corresponding to dimensional times of several years to
a decade, the familiar zonal slope of the layer thickness associated with the Sver-
drup balance (8.18) is established. The pathway of the signal is eastward along the
equator to the eastern boundary, then poleward along the eastern boundary, and then
westward via planetary waves. Finally, on the full (t ~ Tyoc ~ tagv) adjustment
time scale, the mean layer thickness evolves toward the equilibrium state, while the
horizontal structure of the layer thickness variations remains roughly constant. This
adjustment is essentially an exponential decay and is well described by the analytic
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solution (8.33)—(8.35), with a dimensional time scale typically corresponding to mul-
tiple decades or longer. As is shown explicitly by the analytic solution, it is the eddy
and diabatic flux parameters, Ae and Ay, along with the steady solution itself, that
determine this adjustment time scale.

The latter result is of particular note and is consistent with the related dependence of
the steady solution (8.27) on the same parameters. This dependence of the long-term
adjustment time scale on parameters of the representation of small-scale motions on
the large-scale, planetary geostrophic flow is at once illuminating and disappointing:
it illustrates and emphasizes the essential dependence of the large-scale flow on the
mean effect of fluctuating, small-scale processes and thereby reveals another aspect
of the unfortunate incompleteness of the purely large-scale asymptotic theory, along
with the mathematical degeneracy of the planetary geostrophic equations. For the
model that yielded (8.27) and (8.36), the essential mathematical degeneracy has been
addressed by introducing the linear friction, proportional to the parameter r; happily,
the results (8.27) and (8.36) are independent of that parameter. However, as illustrated
by (8.27) and (8.36), the essential physical balances controlling the adjustment time
scale of the large-scale circulation and thermal structure in this model prove to be those
associated with the representations of small-scale eddy flux and diabatic processes—
not at the lateral boundaries but in the ocean interior—rather than the large-scale
dynamical balances themselves.

8.6 Notes

Early theoretical models of meridional overturning circulation focused on control
of diabatic upwelling velocities in the subtropical thermocline by turbulent diffusion
(Stommel and Webster, 1962). Control of mid-depth meridional overturning by south-
ern hemisphere Ekman transport across the circumpolar current was first proposed
by Toggweiler and Samuels (1995) on the basis of numerical experiments. Scaling
theories for the thermocline structure associated with the three-way balance of Ekman
transport, eddy fluxes across the circumpolar current, and diabatic vertical fluxes were
subsequently developed by Gnanadesikan (1999) and Johnson et al. (2007), following
Welander (1971) and more general analyses by Tziperman (1986) and de Szoeke
(1995) of the control exerted on thermocline structure and eastern-boundary layer
thicknesses by integral diabatic flux balances. The analytical models discussed in this
chapter follow Samelson (2004, 2009, 2011).
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Thermohaline Effects

9.1 Seawater asa Two-Component Fluid

All the theoretical models of large-scale circulation discussed in the preceding chapters
have as their starting point the simplified planetary geostrophic equations (4.7)-
(4.10), in which the independent temperature, salinity, and density variables have
been replaced by a single thermodynamic variable. In contrast, the existing theory for
large-scale circulation based on the more general thermohaline planetary geostrophic
equations (2.102)—(2.107), with independent temperature and salinity variables and a
nonlinear equation of state for density, is severely limited.

There are two primary reasons for the lack of theoretical progress on the thermo-
haline planetary geostrophic equations. The first reason is that the inclusion of an
independent salinity variable leads to a general mathematical problem of consider-
ably greater intrinsic difficulty, involving coupled partial differential equations for
two independent scalar fields. For the general nonlinear equation of state (1.19), the
hydrostatic balance (2.26) in the vertical momentum equation must be computed as

ap

L e . 1
o7 ge gR(p. 6,9 9.1)

To obtain the potential temperature and salinity fields, & and S, that are necessary
to evaluate R, it is necessary to solve the evolution equations for both 6 and S.
Through (9.1) and the geostrophic balance (2.102), the velocity field thus depends on
both of the two advected fields: temperature and salinity. This means, equivalently,
that a general reduction of this system to a single partial differential equation for a
single scalar field, analogous to the single equation (4.57) for the simplified planetary
geostrophic equations, is not available. An evolution equation may be computed for
density,

Do 9RDp  9RDO & dR DS

St AT g 9.2
Dt ~ ap Dt | 30 Dt ' 3S Dt ®:2)
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but in general, this leads to no essential simplification because the equation is not
closed in terms of the density p.

The second reason is that ironically, despite this additional intrinsic complexity,
the adiabatic, nondiffusive forms (2.107) and (2.105) of the planetary geostrophic
thermodynamic energy and salinity equations invite a degeneracy of solutions that
is not easily transcended. For steady solutions, the material conservation statements
(2.107) and (2.105) for potential temperature and salinity reduce to

u-vé=u-vSsS=0. (9.3)

This means both that salinity and temperature must be constant along each fluid
trajectory and that the flow must be confined within surfaces of constant 6 and constant
S. If the flow on these surfaces contains recirculating regions, the situation is therefore
similar to that considered in the theory of potential vorticity homogenization: the
inclusion of weak lateral diffusion might be anticipated to lead to the homogenization
of Son @ surfaces, and of & on S surfaces, and thus to a functional dependence of
one variable on the other. Note that the restricted two-dimensional flow on 6 and
S surfaces implied by (9.3) need not be incompressible on the respective surfaces;
instead, the corresponding two-dimensional velocity fields uy and ug satisfy

0Z 0Z
Av/ ——=vVv,- — =0 94
h (Ue 88) h <USBS> , (9.4)

where 9Z /96 and dZ/d S are the differential thicknesses of the surfaces of constant
0 and constant S, respectively. Thus the flow kinematics are analogous to those for
the planetary geostrophic homogenization theory, in which a transport, rather than
velocity, stream function could be found for the two-dimensional flow.

The analogy to homogenization theory is not exact, however, in part because the
diffusion need not be confined within the respective isothermal and isohaline sur-
faces. Diffusion across the surfaces will induce advective flow normal to the surfaces,
while the homogenization theory assumes strictly two-dimensional flow. Nonethe-
less, the analogy suggests a general physical tendency of the large-scale flow to
develop temperature-salinity relations in regions of recirculation. At the same time,
the strict requirements (9.3) strongly constrain solutions in the steady, adiabatic the-
ory as both salinity and temperature must be constant along each fluid trajectory.
Consequently, theoretical models based on the thermohaline equations that have solu-
tions with substantially independent temperature and salinity fields generally must
include representations of diabatic and nonconservative effects, further complicating
the mathematics of the model. In most cases, the resulting equations can only be
solved using numerical methods.
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9.2 Thermohaline Surface Boundary Conditions

For the linear equation of state (4.2) with constant a1t and Bs, it may be possible to
write the evolution equation for density without separate reference to temperature and
salinity, as discussed in Section 4.1. For example, consider a formulation including
vertical turbulent diffusion in the thermodynamic energy and salinity equations,

DT 9°T DS 9°S

I = Ky, 9.5
Dt * 0272 Dt K822 (9:5)

with equal turbulent diffusivities «,. These evolution equations for T and S are
identical in form, and the density anomaly p’ = —po(at T — BsS) will therefore
satisfy the same evolution equation:

Do DT _ , DS
pt P\ "ot TPy

2 2 2./

= pok,y (_aTE;_Z'IZ' + ﬁsg—zzs) = KuaaT/;- (9.6)
In this case, the interior equations are closed in terms of the density anomaly p'.
However, unless the thermal and haline boundary conditions can also be expressed
in terms of p’, it will still be necessary to retain independent temperature and salinity
variables and evolution equations in the thermohaline planetary geostrophic equations
(4.7)—(4.10).

The surface boundary conditions on temperature and salinity reflect different phys-
ical processes, and in many cases, they will take differing forms. The general thermal
boundary condition is a heat flux condition, including sensible, latent, and radiative
fluxes, the first two of which depend strongly on the local air-sea temperature dif-
ference. The natural boundary condition on salinity is a freshwater flux condition,
with volume flux equal to the difference of precipitation and evaporation, which is
essentially independent of the local surface salinity. For large-scale theory, highly
simplified forms of these boundary conditions may be sufficient, such as the direct
specification of surface temperature (5.3) or the relaxation toward an imposed surface
air temperature (5.4). Consistent with the Boussinesq incompressibility and rigid-lid
conditions, the freshwater flux condition is often replaced with an effective salinity
flux, representing the effect of the freshwater flux on the local salinity.

Suppose that with interior flow described by a single density equation such as (9.6),
the surface salinity and surface temperature are both specified directly so that the
surface boundary conditions take the form (5.3) and

S(X’ Y, 0’ t) = %(X’ Y, t)’ (97)
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respectively, where S, is a given surface salinity function. These boundary conditions
may be expressed as a single boundary condition on density anomaly:

P/(X, y, Ov t) = pO[_aTTa(X’ y7 t) + ﬂSSi(Xv y’ t)] (98)

Similarly, if an effective surface salinity flux is imposed along with the surface heat
flux (5.4), with identical relaxation time scale y, 1, so that the surface heat and effective
salinity fluxes are given by (5.4) and

QS(X’ Y, t) = _ya[S(Xv Y, Ov t) - S‘H(X’ Y, t)]’ (99)

respectively, then the boundary condition may again be expressed in terms of an
equivalent density (or mass) flux,

QP(X’ y) = Va[pl(x7 y’ 0? t) - Pa(xv y’ 1:)]? (910)

where ps = po(—a1Ta + BsSy). In either of these cases, with no-flux conditions on
T and S at the remaining rigid boundaries, the full problem is closed in terms of
density alone. The use of a single density variable, as in the theories discussed in the
preceding chapters, is then consistent, as the partitioning of the density fluctuations
into thermal and haline contributions is not required for any aspect of the solution.

If, however, the boundary conditions for temperature and salinity are such that
either the surface temperature or salinity fields must be individually available, then a
single density variable is not sufficient. Such boundary conditions often arise because
of the different physical processes determining the surface fluxes. For example, the
dependence of heat flux on the local air-sea temperature difference suggests that
the temperature boundary condition should include a contribution of the form (5.4),
while the lack of dependence of the freshwater flux on local air-sea differences
suggests that the salinity condition may be better represented as a given function of
space and time:

QS(X7 Y, t) = FS(X9 Y, t) (911)

In this case, though the imposed freshwater or effective salinity flux function
Fs(x, y, t) has no dependence on the local surface salinity, it is necessary to know the
surface temperature field to compute the surface thermal boundary condition. Conse-
guently, the replacement of temperature and salinity by a single density variable is not
possible, even if a single density equation, such as (9.6), can be derived for the interior
flow. Instead, the temperature and salinity fields retain their dynamical independence,
and the corresponding evolution equations—(9.5) or their equivalents—must both be
solved. The idealized model described in the next section provides an illustration of
the additional complexity that can arise, even under highly constrained flow condi-
tions, from this independence, including the intriguing possibility of self-sustaining
large-scale thermohaline oscillations.



150 Thermohaline Effects

9.3 Multiple Equilibria for a Thermohaline Exchange Flow

Considerable complexity can arise in the thermohaline dynamics when external forc-
ing or internal mixing induces independent variations in temperature and salinity,
even for the simplified case of a linearized equation of state. This complexity can
be illustrated with a highly idealized model of zonally integrated meridional over-
turning, in which the circulation is represented by the interaction of two independent
water types in two well-mixed reservoirs. In this case, independent temperature and
salinity variables must be retained because of differing dynamical constants in the
corresponding thermodynamic energy and salinity equations.

Let the temperature and salinity in reservoir j, j = {1, 2} be denoted by T; and
S;, respectively. Suppose that the dynamics and forcing are such that the reservoir
temperatures and salinities relax toward the externally imposed values T;, and S;; at
different rates y and ys, respectively. A difference in these rates can be anticipated
from the different physical processes controlling the fluxes of heat and freshwater
through the boundaries of the reservoir, for example, from the surface flux processes
described earlier, or, in a laboratory setting, from reservoir walls constructed of
membranes that pass heat more freely than salt. Suppose also that the reservoirs
are connected by a capillary tube below and a free-surface overflow above, with
equal and opposite flow V in the capillary and —V in the overflow. The volume
flux V from reservoir 1 to reservoir 2 is taken to be proportional to the difference
p1 — p2 in the respective densities, where density is given by the linear equation
of state (4.2). For antisymmetric forcing, Ty = —T =T, >0and S, = —S =
S > 0, antisymmetric solutions may be sought, which will have T = T; = —T, and

S=§ = —$. For these solutions, the thermodynamic energy and salinity equations
reduce to
Z—I =yr(T, = T)—2|V|T (9.12)
& s -9 -2vis 013
where
V = Kkq(p1 — p2) = 2Kgpo(—atT + BsS) (9.14)

and Ky is a constant of proportionality. Note that in this simple model, in which the
reservoirs are instantaneously mixed, the exchange of heat and salt induced by the
circulation is independent of the direction of the circulation: for either V > 0 or
V < 0, fluid of temperature T is removed from reservoir 1 and fluid of temperature
—T is added in its place.

Even with the linear equation of state, two independent variables representing
temperature T and salinity S must be retained to describe the system (9.12)—(9.14).
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For, if y1 # ys, Equations (9.12) and (9.13) are independent even when V = O:
a single closed equation cannot be formed for any linear combination of T and
S, including the density deviation p — pg = po(—atT + BsS). The different time-
dependent relaxation dynamics for T and Sin this model, which, in a more complete
model, might be related to differing boundary flux properties for heat and freshwater,
are sufficient to prevent the replacement of T and Sby a single density variable, even
though the equation of state is linear.

This simple model has an additional property of interest: for fixed T, and S, and
fixed values of the parameters, it may have more than one steady solution. Steady
solutions of (9.12)—(9.14) must satisfy

T/Te =1/A+2|VI/yr), S/S =1/1+2V|/ys), (9.15)
V/Vy = 1 +R 1 (9.16)
T 12V T L2V s '
where
Vo = 2kgpoarr Ty, R, =P il (9.17)
OlTTr

For given values of the parameters, the solution of (9.16) may be obtained graphically
as the intersection points in the (V, Y) plane of functions Y = F (V) and Y = Fr(V)
that represent the left-hand and right-hand sides of the equation, respectively. The
left-hand function F. = V/V, represents a simple ray passing through the origin,
with positive slope 1/Vp, which is arbitrarily small when V; is arbitrarily large.
The right-hand function Fg is equal to R, —1atV =0and, if R, > 1 and yq is
sufficiently small, has zero crossings at V = (R, — 1)/[2(yt R, — ys)]. Thus, for
Vo and R, sufficiently large and ys sufficiently small, the curves must intersect at one
pointwhere Y > 0 and V > 0 and at a second point where Y < 0and V < 0; a third
intersection between these two may also occur.

Thus, for certain sets of fixed boundary (T, and §) and parameter values, this
model has multiple equilibrium solutions rather than a single, unique solution. It is
the combination of the differing relaxation time scales for temperature and salinity,
and the advective nonlinearity that gives rise to the possibility of these multiple
equilibria. If the advective term is linearized, by setting V = constant in (9.12) and
(9.13), the resulting equations for T and S are linear, independent equations with
exponential solutions and unique equilibria. Similarly, if y = ys, then the function
Fr(V) representing the right-hand side of (9.16) tends monotonically toward zero
with increasing |V, and only a single solution of (9.16) will exist.

Because T > 0 and S > 0, the flux relation (9.14) requires that V < 0 when tem-
perature differences control density differences and V > 0 when salinity differences
control density differences. Thus the solution with V < 0 has density dominated by
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temperature, capillary flow from the cold to the warm reservoir, and surface return
flow from the warm to the cold reservoir. The solution with V > 0 has density dom-
inated by salinity, capillary flow from the warm to the cold reservoir, and surface
return flow from the cold to the warm reservoir. In this highly idealized model, then,
the two possible equilibrium solutions represent meridional overturning circulations
in opposite directions: one controlled by thermal effects and the other controlled by
by haline effects. If a nonlinear dependence of flux on density difference is introduced
in place of the linear flux relation (9.14), parameter regimes can be found for which
these model equations support sustained, time-dependent thermohaline oscillations.

9.4 Thermohaline Potential Vorticity

Many of the theoretical results described in the preceding chapters relied on the avail-
ability of a conserved planetary geostrophic potential vorticity. In the thermohaline
case, a general form of a planetary geostrophic potential vorticity is
oA

Q.= fE’

where A is a suitable scalar, typically a thermodynamic variable. The simplified form
(9.18) of the potential vorticity Q, arises because, for the dimensional planetary
geostrophic scalar field 2,

(9.18)

VoA
RYVEY:

where characteristic values of the depth and length scales, D and L, are given in
(2.1). The anisotropic scaling of VA eliminates contributions that would otherwise
arise from the horizontal components of the planetary geostrophic approximation to
the absolute vorticity, which have magnitudes comparable to the magnitude of the
vertical component fk. In the special case of the linear equation of state (4.2) with
salinity S = 0, the choice . = T may be made, and the planetary geostrophic material
conservation law (4.49) then holds for the corresponding potential vorticity Q.

In general, however, no planetary geostrophic potential vorticity (9.18) is materially
conserved by thermohaline planetary geostrophic flow. The material derivative of

Q)LiS
DQ; ow\ oA d (Dx g [0pdA 0p dA
= —f—)—4+f—== == . 9.20
Dt (/Sv E)z)azJr 82(Dt)+p0(8xay 8y8x> (9:20)

In view of the planetary geostrophic vorticity relation (3.8), the first term on the
right-hand side of (9.20) vanishes identically. In general, the second term will vanish
if (and only if) a material conservation law holds for A, that is, if

DA

— =0,

Dt

D
~ T <L (9.19)

(9.21)
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whereas the third will vanish if (and only if) A is a function only of the density p and
depth z, that is, if

A= Alp, 2). (9.22)

If (9.22) holds, then
DA 0A Dp A

— = — —. 9.23
Dt ~ 9 Dt Yz (023)
Then, by (9.2), with materially conserved 6 and S,
DA  9A R D dA dA A DR
= P s (i), (029)
Dt dp dp Dt 0z 0z dp ap

where p ~ pg — gpoz has been used because it is the full pressure that appears in the
equation of state. In general, w £ 0 for solutions of interest, so a materially conserved
potential vorticity can only be found if a function A(p, z) exists such that

AN\ LA R
) 2 = gp—. 9.25
(ap) o s (9.25)

The left-hand side of (9.25) must be independent of 6 and S, which in turn requires
that
9 IR = 3 IR = (9.26)
060 op  dSap
Because, for the full equation of state, the compressibility 872 /3 p of seawater depends
both on temperature and, to a lesser degree, on salinity, it is in general not possible
to find a materially conserved potential vorticity for the full thermohaline planetary
geostrophic equations.

It follows from these considerations that the conservation law (4.49) for planetary
geostrophic potential vorticity must be seen as an approximation even within the
planetary geostrophic framework, based on the additional assumption that density may
be taken to be linearly proportional to temperature (or potential temperature). In the
slightly more general case of a linear equation of state (4.2) with both temperature and
salinity materially conserved, the potential vorticity (9.18) with A = p is materially
conserved, following (9.6), with x, = 0.

Note that the origin of the third term in (9.20) is, effectively, an approximation,

Vi-(VpxVp)~ V- (V,ox E;—Sk), (9.27)

to the vector triple product of the gradients VA, Vp, and V p that arises in the general
potential vorticity equation for a compressible fluid. However, direct estimation of
the full triple product, with the anisotropic scaling (9.19), does not yield the approx-
imation (9.27) because neglected terms that are proportional to d1/3z or 9p/0z
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appear formally to be of the same order as the terms that are retained. Instead, the
neglect of terms in the triple product (9.27) can be traced to the Boussinesq approx-
imation (2.41) in the horizontal momentum equations, which removes terms of the
form Vp x (Vhp, 0) from the vorticity equation. In the special cases noted earlier, in
which A = T or A = p and Q;, is materially conserved, the full triple product vanishes
identically and the approximation remains consistent.

9.5 Pressure Coordinates

The planetary geostrophic circulation theory that has been developed in the preceding
chapters is formulated in terms of mass conservation and momentum equations that
have been simplified through the Boussinesq approximation (Section 2.4). The process
of carrying out the Boussinesq approximation has the virtue of making explicit some
basic aspects of the physics and thermodynamics of seawater in the context of large-
scale ocean circulation. An alternative path toward simplified forms of these equations
that does not rely on the Boussinesq approximation is a transformation to pressure
coordinates, in which the vertical coordinate is transformed from distance zto pressure
p. This approach has the alternative appeal of making explicit a broad simplification of
the equations of motion that arises from the hydrostatic approximation. Note that the
Boussinesq approximation does not depend on the hydrostatic approximation and can
be made instead directly on the nonhydrostatic equations, yielding a nonhydrostatic
Boussinesq system that is often used, for example, to study the convective instabilities
that arise when a fluid is heated from below or cooled from above. Alternatively, the
pressure-coordinate transformation shows that when the hydrostatic approximation is
made first, the Boussinesq approximations in the mass conservation and momentum
equations are unnecessary.

Suppose that the hydrostatic balance (2.26) holds. Let P(A, ¢, z, t) be the pressure
function in the distance vertical coordinate z, and consider an arbitrary function
F(, ¢, p,t) in the pressure vertical coordinate p, so that

F()“y(pv Za t)= ﬁ[)\" ¢a P()\‘v ¢,Z, t)? t] (928)
gives the value of the function F in the distance vertical coordinate z. Then

OF 9FaP 9F 9F O9F aP
aas a2, (9.29)
3z  op az' at a9t ' ap ot

and similar expressions to the latter hold for dF /aA and 9F /3¢, with t replaced
everywhere by X or ¢, respectively. Also, define

DP
w=—

: 9.30
o (9.30)
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where w is the material rate of change of the hydrostatic pressure. It follows, then,
that

DF DF oF - oF
S B AN TN VA A 9.31
Dt ~ Dt _ gt | UnvhEtess (©31)

where Tn(A, ¢, p, t) is the horizontal velocity in the pressure vertical coordinate,
defined so that

Un(r, ¢, z,t) = UnlAr, ¢, P(2, ¢, Z,1), 1], (9.32)

with up = (u*, u?); here the two-dimensional horizontal gradient operator Vj is to
operate with pressure p held fixed because F depends explicitly on p. Now, replace
p in the mass conservation equation (1.15) using the hydrostatic relation (2.26), and
use (9.29) and (2.16) to obtain

D 10P 10P
0O=—|-——)——"—V-u
Dt g 9z g oz

1/3aDP au P
= (== _Z . yp+vVv.u

g \dz Dt 0z 0z
_ 1P 8a)+ 1 ou 9" aP N 1 (au®  9dY 9P
g dz|dp Recosg \ 9r  dp 9 Re\ 3¢  3p 3¢
1 at* 190 oo
_ oL 2 %) 9.33
p(Recoscz) o +Rea¢>+ap) 033

Because the density o by definition cannot vanish within the domain occupied by
the fluid, it is thus a consequence of the hydrostatic approximation that the flow in
pressure coordinates (A, ¢, p) is incompressible:

Vp - (Onh, ) = V- O + z—;;) =0, (9.34)
where V,, is the gradient operator analogous to (2.16) in pressure coordinates. Note
that the approximation (2.16) has been made in the divergence, which has an error of
order D/Re &~ 1072,

With the hydrostatic approximation (2.26), the evolution equation for the vertical
velocity w is replaced by a diagnostic relation between pressure and density. Through
the pressure-coordinate expression (9.34) of mass conservation, this approximation
yields a diagnostic equation for the analogous pressure-coordinate vertical velocity
w: the evolution equations for the horizontal velocity Gy, are the horizontal momen-
tum equations, as before, but now w can be determined from Gy, at each t simply by
integrating (9.34) vertically, given a suitable boundary condition. The pressure coordi-
nates allow an additional simplification, through the introduction of the Montgomery
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function M(X, ¢, p,t) = gZ + p/po, where Z(x, ¢, p, t) is the inverse of P. Then,
because

= VhM, (9.35)
z=7Z

[EVhP(A, ¢, Z, t)]
0

the density no longer appears explicitly in the inviscid horizontal momentum equa-
tions:

Dy

o T2 sing k x Up = —VpM. (9.36)
In terms of M, the hydrostatic balance (2.26) is
d 1 1
M _ 1 1 (9.37)
ap  p P

The pressure-coordinate form of the hydrostatic primitive equations is (9.36), (9.37),
and (9.34), along with the salinity equation (2.98) and thermodynamic energy equa-
tion and equation of state (2.99) or (2.100), where now, the material derivative is
given by (9.31). The mathematical structure of these equations is the same as that
of the hydrostatic, Boussinesq primitive equations (2.95)-(2.100), though the corre-
sponding physical variables have slightly different physical meanings. However, no
approximations to the mass conservation equation or the horizontal inertia have been
made in (9.36) or (9.34), except for the neglect of the Coriolis term in w in the zonal
component of (9.36) and the approximation (2.16) to the spherical-coordinate diver-
gence. Because the bottom boundary is at an unknown value of the vertical coordinate
p in pressure coordinates, rather than a known value of z, the specification of the
bottom boundary condition takes the mathematically more difficult form of a free-
boundary problem. Note that in (2.99) or (2.100), the Boussinesq approximation in the
thermodynamic energy equation has been made. It is the Boussinesg approximation
to the mass and momentum equations that has been avoided by the transformation
to pressure coordinates, with the fundamental consequent simplification being the
essentially exact incompressibility condition (9.34).

The pressure-coordinate expression of the hydrostatic primitive equations is widely
used in numerical models of the atmosphere, for which the Boussinesq approxima-
tion of the mass conservation equation is much less accurate because of the much
greater compressibility of air relative to that of water. It has the advantage of the
near-complete removal of acoustic waves owing to the elimination from the mass
conservation equation of the time derivative dp/dt of density, a crucial element of
acoustic wave dynamics. The transformation to pressure coordinates thus appears,
mysteriously, to remove a second evolution equation. The density time derivative,
however, effectively reappears in a modified boundary condition. In the ocean, the
resulting boundary-trapped acoustic mode is only a minor modification of an existing
external gravity mode. Nonetheless, the modified boundary conditions present some
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additional complications for ocean modeling, which has instead relied heavily on the
Boussinesg mass and momentum equations.

9.6 Thermohaline Planetary Geostrophic Equationsin Pressure Coordinates

The apparent inconsistency of the thermohaline planetary geostrophic vorticity
dynamics outlined in Section 9.4 may be explicitly avoided if an analogous set of
equations is formulated in pressure coordinates. In this case, the geostrophic approx-
imation to the horizontal momentum equations is

fk x Up = —VhM, (9.38)

where Vj, is the horizontal gradient operator with pressure p held fixed and, impor-
tantly, no approximation to the inertia is made. Here M = gZ(X, y, p) + p/po is the
Montgomery function, which satisfies the hydrostatic equation

oM 1 1

M _ =2 9.39
p  po P (9.39)

with the function z = Z(x, y, p) giving the standard vertical distance coordinate.
The hydrostatic approximation leads directly to the solenoidal mass-conserving form
(9.34) of the continuity equation,

- dow

Vh - Up + 3_[3 =0, (9.40)
without the portion of the Boussinesq approximation that is required to obtain the
incompressibility condition in vertical distance coordinates. The large-scale salinity
and thermodynamic energy equations and the equation of state are, as before, (2.105)
and (2.107) [or, alternatively, (2.106)], where the material derivative is now (9.31),
and these, with (9.38)—(9.40), form the thermohaline planetary geostrophic equations
in pressure coordinates. Note that the density dependence on pressure in the equation
of state transforms into a direct dependence on the vertical coordinate p, which is
now an independent rather than dependent variable.

In this formulation, the thermal wind equations are

~ oly 1

fk x — = ——Vhp, 9.41
X %p peallld (9.41)

and the analog of the Sverdrup vorticity relation (3.8) is

ow

v=f—. 9.42
pi=130 (9.42)

Similarly, the general potential vorticity Q; has the form

A

Q =12, 0.43)
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and its material derivative is

DQ — (55_ fa_w) %_,_ fi (%) +i <8_)»8_p _ B_Aa_p) (9.44)
Dt op /) op op \ Dt p2 \9xdy 9y ax

where the partial derivatives in the last term are taken with p held fixed. In this case,
the last term in (9.44) is proportional to the full vector triple product Vi - (Vp x Vp)
because Vp = (0, 0, 1) in pressure coordinates. Thus the corresponding condition
on the function A = A is that A depend only on p and p, exactly as for a general
compressible fluid.

An argument exactly analogous to that involving (9.21)-(9.26) in the preceding
section then shows that no thermohaline planetary geostrophic potential vorticity Q,,
can be found that will be materially conserved in the general case, in which the
compressibility 372,/9p depends on temperature and salinity. As before, the case of a
linear equation of state (4.2) is an exception for which the choice A = T (if no salinity
variations are allowed) or A = p can give a materially conserved potential vorticity.
An additional special case, in which a materially conserved potential vorticity may
be defined, occurs when the solution has a fixed temperature-salinity relation, that is,
if the fields 6 and Sare related everywhere by a function S(6) such that

S=S8(). (9.45)
In this case, the equation of state reduces to
p=R(p.0) = RIp. 0, SO, (9.46)
and the function 7 can be inverted for 6, giving
6 = 06(p, p). (9.47)

When D6/Dt = 0, the choice A = 6 = ©(p, p) then gives the materially conserved
potential vorticity Qg, where

00
p’
This result can be seen from an alternative perspective, as follows. In general, the
proportional change of density with infinitesimal increments of pressure, potential

temperature, and salinity is given by the differential of the nonlinear equation of state
from (2.107),

Q=f (9.48)

IR IR IR
dp = —d —dh + —dS. 9.49
P=30 Pt 5% 55 (9.49)
When a temperature-salinity relation exists, this differential reduces to

dp = aaisdp + (@ + @5) de, (9.50)



9.7 A Simple Nonlinear Equation of Sate 159
where &’ = dS/d#@. This can be rearranged to obtain

~ ~ -1 ~
IR IR oR

dd=|—+ —& do — —dp]). 9.51

(ae+ass) (p ap p) ®.51)

Because 6 is a thermodynamic variable, the differential do is exact. Hence the first
term on the right-hand side of (9.51) is an integrating factor for the second term, from
which it follows from (9.51) that 8 = ©(p, p), where ® can, in principle, be obtained
directly by integration.

9.7 A Simple Nonlinear Equation of State

The empirical function, typically a high-order polynomial, that is currently recognized
as the most accurate approximation to the equation of state p = R(p, 6, S will
generally be unwieldy for theoretical analysis. Simplified forms may be sought that
retain the dominant nonlinearity but are more amenable to analysis. One such form is

£0
= 9.52
? = W(p.0,9 (952
where
1 1,
VP, 0,9 =1——5|pP—5rpP ) +ar(l+yp)O — &)
,00C0 2
1
+ 5012(9 —6)* — Bs(S— S). (9.53)

Here po, 6, and § are reference density, temperature, and salinity values, respectively;
at and «; are the first and second thermal expansion coefficients, respectively; Bs is
the haline contraction coefficient; y is the thermobaric coefficient; 1/(poC3) is the com-
pressibility; and . is the compressibility pressure coefficient. For the values py =
1027.7kgm~3, 6, =5°C, § =35, a1 = 1.067 x 1074 °C™1, o, = 1.041 x 10~°
°C2, Bs=0.754 x 1073, y =1.86 x 1078 Pa™t, ¢y = 1466 ms™, 1/(poC3) =
4.53 x 1079 Pa~!, and y. = 2.98 x 10~° Pa~!, this approximate equation of state
has an accuracy of 0.1 kg m~ or better for most oceanographically relevant values
of p,6,and S.
From (9.52), the evolution equation for density may be written as

D 2p
Do _ _p BV (9.54)
Dt Po Dt
where
D VD VDo VDS
vV _9VDp 9V V (9.55)

Dt  apDt 96 Dt 8S Dt
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and
aV 1
— == — .
ap ,OOCg( ch)+VaT(9 Qr), (9 56)
aV
50 =ar(14+yp) + 20 — 6), (9.57)
%

Note that the partial derivative with respect to p in (9.56) is taken with the ther-
modynamic variables 6 and S held fixed and must be distinguished from the partial
derivative with respect to p in the pressure coordinate system, which is taken with x
and y held fixed.

Examination of (9.56)—(9.58) shows that the right-hand side of (9.54) cannot be
written in terms of the density p alone. Furthermore, even when the temperature 6
and salinity Sare both materially conserved, the density p is not, because of the effect
aV/ap of pressure on density. The latter effect depends on 6, so even in this case,
6 must be known independently of p. To solve this system of equations, it is thus
necessary to integrate the evolution equations for both temperature 6 and salinity S
and to substitute the resulting values at each point into the equation of state (9.52), to
obtain the density to be used in the hydrostatic relation. An equivalent approach is, at
each time t, to substitute the instantaneous fields 6 and Sinto the evolution equation
(9.54) for density p, and then to integrate (9.54) simultaneously with the evolution
equations for ¢ and S.

For this equation of state, the arguments in the preceding sections show that it is the
pressure-dependent compressibility, represented by the nonzero thermobaric coeffi-
cient y, that prevents the construction of a materially conserved planetary geostrophic
potential vorticity for the simplified equation of state (9.52). In the pressure-coordinate
formulation, for example, the equivalent of (9.24) is

DA 2 (oA
gt

= ——w{—
ap

1 dA
Bt . ——— (1 - yep) + yar(d — 9r)i| %} : (9.59)

00Cy

With nonzero thermobaric effect—that is, with y # 0 in (9.52)—no nontrivial ther-
modynamic function A can be found that is dependent only on p and p and satis-
fies DA /Dt = 0, and consequently, no materially conserved planetary geostrophic
potential vorticity can be found. For this equation of state—and in general—much
of the theory discussed in the preceding chapters must therefore be understood as an
approximation to the full thermohaline planetary geostrophic dynamics. In general,
the magnitude of error admitted by the additional approximation necessary to allow
the construction of a materially conserved potential vorticity will be proportional to
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the magnitude of the thermobaric coefficient y because the thermobaric effect domi-
nates relative to other potentially complicating factors such as the dependence of the
compressibility on salinity.

In contrast, if there were no thermobaric effect, that is, if

y =0, (9.60)
then a pressure-corrected density o dependent only on p and p could be defined by
2 1 5
o(p. P)=p+poCy | P—5%eP” ). (9.61)

In this case, with y = 0, the right-hand side of (9.59) would vanish identically for the
choice A(p, p) = o(p, p) and the associated potential vorticity Q,, where

do
o = f—, 9.62
Q=15 (9.62)
would be materially conserved.
Similarly, suppose that a linear temperature-salinity relation exists so that
S=80)=5 +RZ© —a), (9.63)
Bs

where R is a constant. Then, from (9.52), it follows that

0 =6 + O1(p, p), (9.64)

where

[0
®1(p. p) = —a—Z(l — R+yp)

(9.65)

so the potential temperature 6 is explicitly a function of p and p. Then, for the dynamic
density field

p=pX, Y, pt), (9.66)
the corresponding materially conserved potential vorticity is

001[p(X, Y, p), Pl

Qo(p. p) = f

= f (—y“—T + %) , (9.67)
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where
2 2 £0 3,5 1
~ ¥ 1-R ——[— 1-— } 9.68
Q1 g”( +yp)p % 9p poc%( YeP) (9.68)
Q2 = 01(p, p) + a_2(1 — R+yp). (9.69)

Although Q, may appear complicated in form, it is clear that DQ,/Dt = 0 when
D6/Dt = 0 because Qy depends only on p and p. This is an explicit example of the
general result (9.48) on the existence of a materially conserved potential vorticity when
temperature and salinity are functionally related. If the temperature-salinity relation
(9.63) exists and, in addition, the coefficient o, = 0 in (9.52), then the corresponding
potential temperature and materially conserved potential vorticity functions are

00 ) = QP2 -1+ (p-gnr) | @0
0
Qu(p. ) = 1 Qu(p) [—p—gg—g ; p—( — ep) — arr O, p)} ©.71)
where
1
Qs(p) = e RivD) (9.72)

The approximate correspondence of the product f(3/9p) in (9.71) to the simplified
potential vorticity f(dT/9z) in (4.46) is then apparent.

The pressure-corrected density that can be defined if et = 0, o (p, p) in (9.61) is
an example of a potential density (Section 2.5). In general, various potential densities
o, can be constructed by using the equation of state to compute the density, or density
anomaly, that a fluid parcel with given potential temperature 6 and salinity S would
have at a given reference pressure p = p,:

0. =R(P:s, 0,9 or o, =7R(P.. 0, — po. (9.73)

Potential densities so constructed are materially conserved when D6/Dt = DS/Dt =
0. However, in the general case, they are functions of both 6 and Sand, consequently,
are not suitable candidates for the desired function A(p, p) and cannot be used to
construct materially conserved potential vorticities.

The simplified equation of state (9.52) also allows the direct demonstration of a
curious aspect of the physical properties of seawater. Suppose two equal volumes
of seawater, with potential temperatures 6; and 6, and salinities S and S, respec-
tively, are mixed at constant pressure p. Then, the difference between the average
of the corresponding specific volumes 1/ before mixing, 1/01 = V(p, 61, S)/ 00
and 1/p0, = V(p, 82, )/ 00, Will be different from the specific volume 1/, of the
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mixture. For, with the temperature 6., and salinity S,, of the mixture given by the
respective averages

1 1

the difference in specific volumes, normalized by 1/ pg, is

Am<@>:&_1(@+@)
P pm 2\p1 P2
1

1
= —Za2(91 —6,)% < 0. (9.75)

Thus the density of the mixture will be greater than the average of the densities before
mixing, and the mixed fluid will tend to sink. This phenomenon is known as cabbeling.

9.8 Notes

Additional material on thermodynamics of seawater can be found in the work of
Fofonoff (1962). The use of pressure coordinates is standard in meteorology, for
which the density variation is of the same order as the reference density (see, e.g.,
Holton, 1992). The relation between Boussinesq and non-Boussinesq hydrostatic
equations is discussed by de Szoeke and Samelson (2004). The simplified nonlinear
equation of state (9.52) is taken from the work of de Szoeke (2004).
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Theory and Observation

10.1 A Perturbation-Theoretical Per spective

The basic point of view around which the development in this text has been organized
is that of perturbation theory. In general, perturbation theory allows the replacement
of a difficult or intractable problem with a simpler approximation that includes the
leading-order terms in an expansion of the original variables in powers of a suitable
small parameter. In the present case, a formal expansion was not necessary because
the effective leading-order terms for large-scale ocean circulation dynamics could
be identified by direct scaling of terms in the fundamental equations. These leading-
order terms—the perturbation theory for the large-scale ocean circulation—are the
planetary geostrophic equations (2.102)—(2.107).

The planetary geostrophic theories of large-scale circulation described in this text
provide deep, quantitative insight into the large-scale physical structure of the ocean.
For example, the reduced-gravity and ventilated thermocline models (Chapter 5) give
persuasive explanations for the basic structure of the upper main subtropical ther-
mocline, including the characteristic downward and westward slope of thermocline
isosurfaces (Figure 1.7). Similarly, the Sverdrup interior solution (3.36) for the depth-
integrated wind-driven transport may be favorably compared with interior geostrophic
transports determined from hydrographic measurements.

Given a solution of an approximate problem constructed using perturbation theory,
one would like to know how accurately it represents the solution of the original prob-
lem. If the original problem cannot be solved theoretically by other means, as is the
case with large-scale ocean circulation, then the comparison must be made to observa-
tions of the system under consideration. In principle, such a comparison should result
in an objective, quantitative assessment of the accuracy of the perturbation theory.

Despite the successes of planetary geostrophic theory, it is also true that a compre-
hensive, guantitative assessment of the accuracy of this perturbation theory for the
large-scale ocean circulation has not been achieved, half a century after the original
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derivation of the planetary geostrophic equations. From the point of view of ocean
circulation theory, this is a disappointing state of affairs because theoretical mod-
els based on these equations provide the primary set of conceptual constructs that
inform our physical insight and frame our existing understanding. Although some
steps toward such an assessment have been taken using inverse modeling techniques,
agenerally established, objective measure of the quantitative accuracy of the planetary
geostrophic theory is not available.

There are essentially three broad reasons for this persistent gap between theory and
observation. First, as noted and demonstrated in previous chapters, the large-scale
perturbation theory is degenerate. Second, the major scientific effort on comparison
of ocean observations with models has centered on numerical simulations based not
on the planetary geostrophic equations but on the primitive equations. Third, the
observational record is itself limited, relative to the temporal and spatial scales of
interest.

10.2 Degeneracy of the Large-Scale Theory

The degeneracy of the large-scale perturbation theory—especially the inability of the
planetary geostrophic equations to satisfy a standard set of lateral boundary conditions
in closed basins—has been discussed in previous chapters. This degeneracy requires
that some representation of the mean effect of small-scale motions on the large-scale
flow must be introduced into the large-scale equations to pose consistently all but
the most restrictive calculations. The introduction of these representations of small-
scale motions inevitably causes a dependence of the resulting solutions on the details
of the small-scale model.

The best exceptions to this rule are the Sverdrup interior solution (3.36) for the
depth-integrated wind-driven transport, which depends only on the imposed wind
stress field and the no-normal-flow condition at the eastern boundary, and the reduced-
gravity and ventilated thermocline models of the subtropical upper main thermocline
(Chapter 5), which add a dependence on an imposed surface density distribution and an
eastern boundary thickness; the latter can perhaps be replaced with some form of gyre-
boundary closure, such as (5.40). The simple analytical model of thermal circumpolar
flow (Section 7.4), although less well established, may be another such example.
These theories are essentially deductive results for limited regimes or elements of
the large-scale circulation. Their success depends in substantial part on the happy,
independent accident that the Ekman transport, and the critical large-scale boundary
condition on vertical velocity, can be obtained directly from the wind stress, without
consideration of the detailed structure of the turbulent ocean-surface boundary layer.
Such good fortune does not seem to await in the more complex regimes of the large-
scale ocean lateral and bottom boundary layers. For example, the western boundary
layers of the subtropical gyres have associated nonlinear recirculation regimes and
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are not purely passive conduits for a boundary-layer return flow required to close the
large-scale interior circulation. Similarly, there is evidence that hydraulic effects at
bottom topographic constrictions may influence the meridional flow of deep waters
from their high-latitude formation regions and thus exert their own control on the
dynamics of the large-scale meridional overturning cells.

In general, the formulation of complete models of large-scale circulation based on
the planetary geostrophic equations requires the introduction of the supplementary
representations of the effects of small-scale motions on the large-scale flow. The
approach taken in this text has been to use a minimal set of such models, of maximal
simplicity, to emphasize the intrinsic characteristics of the planetary geostrophic
flow. Though this approach is adequate to illustrate basic elements of the large-scale
circulation, it is difficult to translate into a systematic, quantitative framework that
would yield a unique, reliable measure of the accuracy of planetary geostrophic model
solutions. Consequently, the degeneracy of the planetary geostrophic perturbation
theory has itself been an obstacle to such assessment.

10.3 Numerical Simulations of Large-Scale Circulation

In general, analytical or semianalytical solutions of the planetary geostrophic equa-
tions for large-scale flow are available in only the most idealized basin geometries.
Even in these geometries, important elements of the theory are not closed and describe
circulation in only part of a given domain. Similarly, the theory for thermohaline flows,
including nonlinearity in the equation of state and sufficiently detailed representation
of boundary conditions and small-scale processes to render the temperature and salin-
ity fields dynamically independent, is much less developed than the theory for a single
temperature or density variable.

Because of these complexities of the full thermohaline equations, surface boundary
processes, and ocean basin geometries, the alternative approach of using numerical
methods to solve ocean circulation equations has frequently been taken. Numeri-
cal solution methods enjoy certain advantages such as the relatively straightforward
inclusion of nonlinear dynamical interactions, of sophisticated schemes for the repre-
sentation of the effects of small-scale motions on the large-scale flow, and of complex
basin geometries and topographies. Consequently, a numerical approach is often pre-
ferred when detailed quantitative comparisons with specific observations are to be
made or when specific quantitative inferences about past, present, or future ocean
circulation are to be drawn. However, they also suffer certain disadvantages, perhaps
most notably that conceptual understanding is difficult to extract from individual solu-
tions, relative to analytical functional dependencies. In addition, numerical solutions
can be dependent on technical details of the particular numerical methods used for a
given simulation and are subject to numerical errors that can be difficult to diagnose
and characterize.
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For the large-scale ocean circulation, most such numerical simulations are based not
on the thermohaline planetary geostrophic equations, as might have been anticipated
from a theoretical point of view, but on various versions of the hydrostatic primitive
equations, frequently in the Boussinesq form (2.95)-(2.100). The reasons for this are
varied. One is a historical accident: the first computer programs that became widely
available for large-scale ocean circulation studies were informed by and adapted from
computer codes used to simulate the large-scale atmosphere, which were themselves
based on a related set of hydrostatic primitive equations for the atmosphere, for which
the large first internal deformation radius and the absence of rigid lateral boundaries
make the planetary geostrophic regime of less interest. Another is that despite the
relative conceptual simplicity of the planetary geostrophic equations, special consid-
erations are necessary to achieve significant computational advantages through their
use, and these advantages tend to decrease as the horizontal resolution of the compu-
tation is increased, as may be required, for example, to resolve western or equatorial
boundary layers. A third is that the planetary geostrophic equations have potential
shortcomings as general, time-dependent models, including the equatorial singularity
and an ultraviolet catastrophe for baroclinic instability, in which disturbances at arbi-
trarily small scales grow arbitrarily fast. A fourth is that under many circumstances,
the primitive equations should be an accurate approximation for flow on horizontal
scales as small as a few kilometers or less; thus a single computer code can be used
with progressively finer numerical grids without fundamental changes.

The latter, fourth advantage is, from a theoretical point of view, also a significant
disadvantage because it leads to a fundamental dependence of the characteristics of a
given primitive-equation simulation on the purely technical choice of numerical grid
resolution. Essentially, only a single simplification—the hydrostatic approximation—
separates the primitive equations from a much more general set of compressible fluid
equations. Consequently, the full range of physical phenomena that can be described
by these equations is very wide and includes motions with much smaller horizontal
scales and much larger aspect ratios than are represented in numerical solutions in
global or basin-scale domains. Numerical convergence can be approached in a prim-
itive equation model if friction and diffusion parameters are fixed at relatively large
values as grid resolution is increased, but this convergence is of limited theoretical
interest because of the essential dependence of the resulting solution on the param-
eterizations. Removing this dependence by extending large-scale primitive-equation
simulations toward the physical limit of small friction and diffusion requires the
numerical resolution of impractically small space and time scales.

Thus primitive equation simulations of large-scale ocean circulation are, in this
sense, not well-posed numerical problems: simulations on sufficiently coarse grids
capture only planetary geostrophic dynamics, typically with large frictional and dif-
fusive effects, while simulations on progressively finer grids include a broad suc-
cession of additional, distinct physical phenomena and mathematical characteristics.
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In contrast, there is suggestive evidence that, at least for the case of steady solutions,
standard numerical methods can yield approximately convergent results for planetary
geostrophic models in the limit of small friction and diffusion. These steady planetary
geostrophic solutions may be unstable in that limit but nonetheless are of substantial
physical interest as convergent numerical representations of intrinsic, large-scale cir-
culation structures, many of which may be, at least in part, described by analytical
theories.

The convergence problem for the primitive equations has complicated the compari-
son of ocean observations with primitive-equation models, hindering the development
of a systematic, objective assessment of the accuracy of those models. In addition,
and for similar reasons, the primitive equations have remained stubbornly resistant to
theoretical analysis and explicit solution, except under additional asymptotic restric-
tions: the combination of the range of distinct physical phenomena that they describe
and the intrinsic nonlinearity of the equations make them formidable mathematical
objects. Consequently, there is little in the way of explicitly primitive-equation theory
to which primitive-equation numerical solutions of large-scale ocean circulation can
usefully be compared. The absence of such a theoretical framework has been a persis-
tent obstacle in the broad attempt to extract conceptual understanding of large-scale
ocean circulation dynamics from primitive-equation simulations.

The main point in the present context, however, is simply that most quantitative eval-
uation of simulations over the past decades has been carried out for primitive-equation
rather than planetary geostrophic models. This focus of effort has in itself limited the
possibilities for the development of a well-established, quantitative assessment of the
accuracy of the planetary geostrophic description of large-scale circulation.

10.4 The Observational Record

The purpose of this text is to give an introduction to the existing theory; a detailed com-
parison of the theoretical models to the observational record is beyond its intended
scope. Particularly for the subtropical gyre and upper main thermocline, existing
observations are sufficient to allow relatively detailed qualitative and, to some extent,
guantitative comparisons with various elements of the large-scale circulation and ther-
mocline structure. Similarly, syntheses of new and existing observations are yielding
progressively refined estimates of essential elements of the meridional overturning
circulations and their role in the Earth’s climate system. In part to compensate for
the difficulty of assessing the accuracy of any circulation theory from purely physical
observations, a wide range of methods and techniques, including chemical tracer and
other indirect measurements, has been incorporated into such syntheses and compar-
isons in progressively more sophisticated and ingenious ways. This breadth makes
any substantial discussion of such observations and comparisons a complex and subtle
endeavor that will not be attempted here.
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Historically, the theories of large-scale ocean circulation described in this text have
largely not preceded basic observations and descriptions of the large-scale ocean
circulation and thermohaline structure. Consequently, the influence of observations
on the theory is indisputable. The complexity of the large-scale circulation problem,
and the inability to decouple the large-scale dynamics from the small-scale dynamics,
except in limited regimes, makes it effectively impossible to proceed theoretically
in a purely deductive fashion from fundamental physical principles that have been
developed through the traditional method of controlled laboratory experiments. Thus
many of the theoretical results described in this text must already be seen in part as
descriptions of observed phenomena.

Nonetheless, an enduring problem in our attempts to understand the ocean as a
physical system is that ocean physical measurements remain limited in scope and
quantity. The number and variety of observations of the global ocean’s physical struc-
ture and circulation that have now been accumulated, measured against an individual’s
ability to examine them all one by one, is surely vast. Yet, measured against the intrin-
sic decadal to centennial time scales of the circulation, the broad range of space and
time scales of the full spectrum of ocean physical variability, and the expanse and
volume of the global ocean, they remain barely adequate to constrain basic aspects
of the large-scale circulation. Perhaps of greatest concern is that the historical record
of ocean observations is fundamentally short relative to the intrinsic time scales of
the large-scale circulation. Some information on previous ocean conditions can be
extracted from the geological record, but this essential limitation of the observational
record for large-scale circulation will not soon be removed.

This inescapable fact has the consequence that future advances in our understanding
of large-scale ocean circulation, and thus of the ocean’s role in the Earth’s climate
system, must likely rely in large part on theoretical rather than empirical analysis. In
turn, our future efforts to predict changing large-scale ocean conditions must similarly
rely on that conceptual foundation rather than on a more direct empiricism. Along
with its intrinsic scientific interest, these practical considerations argue strongly for
continued and increased scientific attention to the theory of the large-scale ocean
circulation.

10.5 Notes

The many noteworthy numerical simulations of large-scale ocean circulation include,
for example, those of Gill and Bryan (1971), Cox and Bryan (1984), Bryan (1987),
de Verdiére (1988), Manabe and Stouffer (1988), and Toggweiler and Samuels (1995);
this list represents an extremely limited sampling of a large body of work. A useful
recent reference on numerical solution methods for mathematical models of large-
scale ocean circulation, primarily those based on the hydrostatic, Boussinesq, primi-
tive equations, is the text by Griffies (2004). Comparisons of theoretical results to
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observations include those by Leetmaa et al. (1977) and Schmitz et al. (1992)
for the Sverdrup theory of depth-integrated gyre circulation and by Talley (1985)
and de Szoeke (1987) for the ventilated thermocline theory. Keffer (1985) mapped
large-scale potential vorticity from ocean observations, and Schmitz (1996a, 1996b)
synthesized observations of the large-scale gyre and global meridional overturn-
ing circulations. The dynamics of hydraulic flow through bottom topographic con-
strictions are reviewed by Pratt and Whitehead (2007). Wunsch (1996) and Bennett
(2002) provide detailed introductions to modern inverse modeling methods for ocean
circulation.



Exercises

Exercisesfor Chapter 1

Exercise 1.1 Consider the two-dimensional fluid flow represented by the Lagrangian
transformation

x =X(a 1) = (a+ bz, b), (1.1)

where x =(X,y), a=(a,b), and " is a constant. For this flow, compute (1)
the Lagrangian velocity field v(a, T) = 9X(a, t)/dt, (2) the inverse transformation
a = A(X, t) giving the Lagrangian label or initial position of the fluid parcel at Eulerian
position (X, t), (3) the Eulerian velocity field u(x, t) = v[A(x, t), t], (4) the divergence
Vh - u of the Eulerian velocity field, and (5) the Eulerian representation of the material
derivative operator D/Dt. What standard example of fluid flow does this transforma-
tion represent? Is this flow compressible or incompressible?

Exercise 1.2 Consider the evolution in the ocean main thermocline of the concentra-
tion C of an injected patch of the inert tracer SFg (sulfur hexaflouride). Assume that
this tracer is materially advected with the fluid motion, except to the extent that it is
altered by molecular diffusion, with diffusion coefficient «sr¢.

1. Derive an evolution equation for the evolution of pC, the total mass of tracer per
unit volume.

2. Use the exact mass conservation equation to derive an evolution equation for the
concentration C from the result of step 1.

3. Estimate a value for «seg based on the known values of the thermal and saline
diffusivities, k1 and «s. To which of k1 and «s should xsgg be more similar? Why?

Exercise 1.3 1. Combine the salinity equation and the exact mass conservation equa-
tion to obtain an evolution equation for the total mass of salt per unit volume, pS.

2. For steady flow conditions, for which local rates of change vanish, consider
a fluid volume V; that lies between a connected portion Sy of the sea surface and
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a continuous surface S; of constant salinity S(X, y, z,t) = S, where the isohaline
surface S; intersects the sea surface along the boundary of the region S. If there is no
net evaporation or precipitation so that a no-normal-flow condition applies at the sea
surface, show that the integral of the diffusive term over the volume V; must vanish.

3. Assume that the diffusive term in the equation for p S from step 1 has the form
of the divergence V - Fg of a flux Fs. Show that the result of step 2 implies that the
integrated salt fluxes into the volume V; through the surfaces Sy and S; must be equal
and opposite.

Exercisesfor Chapter 2

Exercise 2.1 For the main thermocline of the upper ocean, the depth scale D = 1000
m is more appropriate than the value of D used in Chapter 2. Similarly, for the deep
ocean, the dynamic density deviation scale Ap = 0.2 kg m~2 is more appropriate than
the value of Ap used in Chapter 2.

1. For these two modified scale values, estimate corresponding velocity scale values
U and W in the two regimes, using appropriate assumptions and balances.

2. For these modified scales, compute the dimensionless ratios used to motivate
the approximations in Chapter 2. Determine from the resulting ratios whether the
approximations in Chapter 2 remain valid.

Exercise 2.2 1. Make a set of graphs, at the discrete depths 0, 1500, 3000, 4500,
and 6000 m, that is complementary to Figure 2.2, showing exact and approximate
potential temperatures as continuous functions of in situ temperature T at each depth.

2. Find ocean profiles of temperature and salinity with values that lie substantially
outside the standard deviation range in Figure 2.1. Identify the corresponding physical
reasons for the large departures from the mean.

Exercise 2.3 Consider a compressible, inviscid fluid in a pipe. Assume that the
motions are adiabatic, that the fluid has uniform entropy, and that variations nor-
mal to the axis of the pipe may be neglected. An appropriate set of equations is

d a(u
p o) _ o 2.1)
ot X
au au ap
— tu— | =L, 2.2
P <8t + ax) ox (22)
o =TR(p,n), n=mno=constant. (2.3)

Here p is density, u is x velocity, p is pressure, n is entropy, and R is a specified
function giving the equation of state.
1. Identify these three equations by name or physical principle.
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2. Linearize these equations about p = pg, p = Po, U = 0, where pg and po are
constants, and derive a single equation for the pressure fluctuation; that is, let

p=po+p, p=p+p., u=u, (2.4)

and neglect products of primed quantities. Then eliminate u’ and p’ by differentiation
and substitution. Use the notation
IR 1
) = —. (2.5)
n=mno

ap

3. Show that the equation for p’ has solutions that propagate with phase speed cg;
that is; show that

p'(X,t) = F(X — cst) + G(X + cst) (2.6)

satisfies the equation for any smooth (differentiable) F and G. What kind of waves
are these, that is, what physical phenomenon do they describe?

4. Estimate the value of cg for seawater from Figure 2.1. Recall that 0 = p — 1000
and oy = py — 1000 for density p and potential density py in kg m~3 and that potential
density is the density that a parcel would have if it were moved adiabatically (i.e.,
with no change in entropy or salinity) to a reference pressure. Explain your reasoning
and compare your estimate with tabulated values of cs.

5. Compute a Boussinesq approximation to the first two equations: assume that
o = po + 0, where p < pg and py is a constant, and that u and p vary over the same
horizontal scale L; use the advective time scale to estimate dp/at; and simplify step 1
appropriately. Then, linearize step 2 and derive a single equation for p from the
resulting equations.

6. Show that the approximation to the first equation in step 5 is equivalent to letting
c2 — ooinstep 2, that is, that the same equation for the pressure follows in these two
cases. (Assume that pressure fluctuations remain finite as ¢z — oc.)

7. Use step 6 to explain qualitatively how the two different approximations of
steps 2 and 5 describe what motion is induced in the fluid when a piston is forced into
one end of the pipe.

Exercisesfor Chapter 3

Exercise 3.1 Consider the wind-driven circulation in a closed, northern hemisphere,
B-plane ocean basin that is Ly = 5000 km in zonal extentand L, = 3000 km in merid-
ional extent, with western and southern boundaries at x = 0 and y = 0, respectively.
Assume that the western boundary layer is confined to a narrow region of width §
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adjacent to x = 0 and that the Sverdrup transport balance holds for 0 ~ § < x <
Xg = Ly and for all y, that is,

ov 1 /9t otk
Bo— = -
X po

X 8—;’), O~8<x<Xe, O0<y<lLy. 3.1)
Let the wind stress (¢, ) be

T = —TCOS (ﬂ) , 1) =0, (3.2
Ly
where 7o = 0.1 N m~2, and let the Coriolis parameter be given by f = fo + Bo(y —
Vo), Where By is a constant.

1. Lety =y, = Ly/2correspond to 30°N, and compute fo and B, where the latter
are taken to be equal to f and g at 30°N, respectively.

2. Plot 5 versus y. Suppose that ¥ has been computed from 10 m winds using the

w

neutral drag law
7,y = paCq|U10|U10, (3.3)

where p, is air density at sea level pressure and temperature, Cq = 1072 is a drag
coefficient, and Uyp is the wind speed at 10 m altitude. Compute and plot Uq
Versus y.

3. Let ¥ = 0 on the eastern boundary x = Xg, and compute ¥(x = 0) from the
Sverdrup balance (3.1). This will be the value of ¥ outside the boundary layer, at
the extreme western edge of the interior, in the limit § — 0. Sketch the contours
of W versus x and y in the domain of validity of (3.1) and label them in units of
108 m® s~ = 1 Sv, using an appropriate contour increment.

4. Compute and plot the Sverdrup transport (Us, Vs) versus y at X =0 and X =
Xe. What are the corresponding maximum zonal and meridional flow speeds if the
transport is distributed evenly over a layer of depth (1) 5000 m and (2) 500 m?

5. Compute the vertically integrated Ekman transport and geostrophic Sverdrup
transport fields separately, and plot each of them versus y at x =0 and X = Xg.
What are the corresponding maximum flow speeds if the transports are distributed,
respectively, over an Ekman layer of depth 25 m and a geostrophic interior of depth
(1) 5000 m and (2) 500 m? At y = 0 and y = 3000 km, ¥ = 0, and there is no net
meridional Sverdrup transport. Do the Ekman and geostrophic Sverdrup transports
also separately vanish at y = 0 and y = 3000 km?

6. Compute and plot the Ekman pumping velocity We,

oUg n aVg

We = ,
E ax oy

(3.4)

where (Ug, VE) is the Ekman transport.
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7. Suppose that the western boundary layer is a Stommel layer, obtained by adding
linear frictional drag —rU and —rV to the depth-integrated momentum equations so
that (3.1) becomes

: 32\1/+82\11 NP oty 0T 35)
ax2  ay? ax  po \ax oy ) '

Assume that r (and thus also §) is small enough that the boundary layer can be
represented by the Stommel boundary layer solution, with exponential decay in x and
parametric dependence on y. For B as earlier, what is the dimensional value of r that
gives a boundary layer width scale § = §s = 100 km? For this value of r, plot the
meridional velocity of the western boundary current at X = 0 (i.e., on the boundary, at
the western edge of the boundary layer), assuming that the boundary current transport
is distributed evenly over a layer of depth (1) 5000 m and (2) 500 m.

Exercise 3.2 Consider geostrophic flows at the bottom u, = (up, vp) ranging from
0.1 to 5 cm s7%, flowing up a linearly sloping bottom with elevation changes of
500 m over horizontal distances of Ax = 10 to 5000 km.

1. Compute and contour the induced vertical velocity from this flow, as a function
of speed |up| and distance AX, that arises from the no-normal-flow condition at the
bottom.

2. Compare the resulting vertical velocity to a typical value of surface Ekman
pumping velocity WE in the subtropical gyres.

3. For these geostrophic bottom flows, compute and contour the differential pressure
per unit length along lines of constant H and the bottom pressure torque as a function
of speed |up| and distance Ax. Compare the magnitude of this bottom pressure torque
to typical values of the torque exerted on the sea surface by wind stress (i.e., the curl
of the wind stress) in the subtropical gyres.

Exercise 3.3 1. Express the angular momentum conservation principle for the heuris-
tic thin-disk model (Section 3.1) of the Sverdrup vorticity relation in terms of the
appropriate solid-body moment of inertia. Use volume conservation to derive a vor-
ticity relation in the Sverdrup form from the time derivative of this conservation
statement.

2. Compare the wind stress torque exerted on a subtropical ocean gyre to that
exerted by a bicyclist on the bottom-bracket axle connecting the cranks to the pedals
of a bicycle by (1) finding the area of sea surface 1000 km from the center of the
gyre, over which an integrated 0.1 N m~2 stress gives a torque around that center that
is equal to the torque exerted by the bicyclist, and (2) comparing the total torque for
a wind stress field exerted by the wind stress (3.2) over the gyre to that exerted by
the bicyclist. Assume that the mass of the bicyclist is 50 kg and that the length of the
crank, from pedal to axle, is 20 cm.
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Exercisesfor Chapter 4

Exercise 4.1 For constant buoyancy frequency Ny = 1 cph, depth Hy = 5000 m, and
latitudes {15, 30, 45}°N, and for linear planetary geostrophic dynamics about the rest
state with N(z) = No:

1. Compute the barotropic and first baroclinic deformation radii Ao and A; and the
corresponding long-wave phase speeds ¢y and ¢;. How long would it take each of
these waves to cross an ocean basin of 5000 km zonal width at {15, 30, 45}°N?

2. Graph the corresponding dispersion relations «w = (k) for zonal wave numbers
—2n/Lx < k <0, for Ly = 250 km, where w is frequency. For what wavelengths
are these dispersion relations likely to be inaccurate due to the neglect of short-wave
dispersion in the planetary geostrophic approximation?

3. Compute and graph the corresponding vertical mode structures Zy(z) and Z;(2)
using the quadratic approximation to Zj.

Exercise 4.2 Consider a layered model of ocean stratification with two moving layers
(N = 2) and a third, deep motionless layer below, with corresponding temperatures
T, = 14°C, T, = 10°C, T3 = 8°C, and layer thicknesses h; ~ h, =~ 350 m.

1. Compute the reduced gravities y» and y1, representative numerical values of the
Bernoulli functions B, and By, and layer 2 potential vorticity Q5.

2. If layer 2 has uniform potential vorticity, with h, = 350 m ata central latitude y =
Yo = 35°N, by approximately how much does h;, vary between y = y, + 1000 km
and y = yo — 1000 km? Suppose that layer 2 is at rest. What is the zonal geostrophic
velocity in layer 1 that would result from such a meridional change in h,?

3. Suppose that the Ekman pumping at y = yp is Wg = —1 x 1078 m s~1. What
is the corresponding vertically integrated geostrophic Sverdrup transport? Suppose
that this transport is divided evenly between layers 1 and 2 and that the magnitudes
of the geostrophic velocities in layers 1 and 2 are both equal to the numerical value
computed at y = Y, for the layer 1 zonal geostrophic velocity in step 2. Compute the
horizontal angle between the geostrophic velocities in layers 1 and 2.

Exercise 4.3 Consider a two-layer fluid that is in geostrophic motion on a 8 plane
with Coriolis parameter f = fyo 4+ B(y — Yo), with a rigid lid at z=0 and a flat
bottom at z= —Hy. Let the fluid in each layer be homogenous, with densities p;
and p,, respectively, in the upper layer and lower layers and with p, — p1 < po,
where pp is a reference or mean density of the layers. Assume that there is a
wind stress forcing at the upper surface resulting in an Ekman pumping verti-
cal velocity We at z= 0. Let the interface between the layers be located at depth
z=—H(x, y,1).

1. Integrate the continuity equation duj/0X + dvj/dy 4+ dw;/dz = 0 over each
layer j, j = {1, 2} to obtain equations relating the rates of change of the layer
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thicknesses h; = H; and h, = Hy — Hj to the horizontal divergence of the volume
flux in each layer and, for layer 1, to the Ekman pumping WEg.

2. Linearize the equations in step 1 around a state of rest H; = H = constant,
uj =v; =0, ] = {1, 2}, by substituting Hi(X, y,t) = H 4+ n(x, y, t), assuming that
In] < H, and dropping quadratic terms in the small quantities », u, and v.

3. For steady flow (ah/at = 0), substitute the geostrophic relations into the lin-
earized equations from step 2 to obtain Sverdrup-balance equations in each layer. Is
there any Sverdrup transport in the upper layer? Is there any Sverdrup transport in
the lower layer? How would the Sverdrup transport be distributed vertically in this
steady linear model if the layers were subdivided into a successively greater num-
ber of thinner layers with smaller density differences, in an attempt to represent the
continuously stratified ocean?

4. Assuming that the pressure at z=0 is p(z=0) = po(X, ¥, 1), integrate the
hydrostatic relations to obtain the pressures pi(X, Y, z,t) and p(X, Y, z,t) in each
layer as a function of py and the interface depth Hi(x, y,t) = H + n(X, y, t).

5. For unsteady flow with Wg = 0, substitute the expressions for the pressure from
step 4 into the linearized equations from step 2 to obtain the equations governing
linear planetary waves in the two layers.

6. Eliminate the terms in the surface pressure pg from the two equations from
step 5 to obtain one equation for the linearized baroclinic mode. What is the wave
speed? Graph the wave speed as a function of the fractional upper-layer thick-
ness H/Hy for 0 < H < Hg. For fixed H, what is the limit of the wave speed as
Hy — o0?

7. Eliminate the time derivative from the two equations from step 5 to obtain a
diagnostic equation relating po to h. For the baroclinic mode from step 6, how are the
horizontal velocities in the two layers related? Graph the ratio |(uy, v2)|/|(u1, v1)| as
a function of the fractional upper layer thickness H/Hg for 0 < H < Hg. For fixed
H, what is the limit of this ratio as Hy — oo?

8. Find a second solution of the equations from step 6 and 7 in which the interface
deformation hiis identically zero. To what vertical mode does this solution correspond?
Does this solution have a finite wave speed? Why or why not?

Exercisesfor Chapter 5

Exercise 5.1 For the dimensional scales as given in Section 2.1, compute and plot the
advective-diffusive and internal boundary layer scale estimates of vertical veloc-
ity as a function of turbulent heat diffusivity «, for 10™° m? s™! < «, < 107
m? s~%. Compare these values to typical values of the Ekman pumping veloc-
ity We. For the same range of values of «,, compute the corresponding scale-
estimate thermocline thicknesses and compare these to typical values of the advective
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scale D,. On these plots, indicate the ranges of «, where the scaling would sup-
port the validity of (1) the ventilated thermocline theory for the subtropical upper
thermocline and (2) the internal boundary layer theory for the subtropical main
thermocline.

Exercise 5.2 Consider a two-layer reduced-gravity ventilated thermocline model in
a northern hemisphere basin that is Ly = 3000 km in meridional extent and that
extends arbitrarily far westward from an eastern boundary at x = xg = 0. Let the
central latitude of the basin (y = Ly/2) be at 35°N on a g-plane, and let the Ekman
pumping distribution be

We = Wy sin t—y Wo = —10%mst, (5.1)
y
so that the depth-integrated circulation is clockwise and the Sverdrup transport is
equatorward. Let layer 2 outcrop at y =y, = Ly/3 (so near 30°N), and let
p2 — p1 = poQat(Ty — T,) =265—-255=1 (5.2)
03— p2 = poQat(T, — T3) =275—-265=1 (5.3)
in o units (o = p — 1000 in kg m~3); furthermore, suppose that the eastern boundary
depth hg(X = O) = H2(X = 0) = Hyg =500 m.
1. Compute h; and h, along (1) 35°N and (2) x = —4000 km.
2. Plot the results of step 1 overlaid on the following mean sections of oy (where

o9 = p(0, S, pa) [kg m~3] —1000) in the North Atlantic at (1) 36°N and (2) 55°W,
respectively:

500p
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500F
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3. Suppose that there is a “climate shift” such that the midlatitude westerlies
intensify and the long-term mean Ekman pumping W changes from Wg = Wy(X, )
to WE = Wi (X, y) = Wy(X, y) + AW(X, y), where Wy < 0and W; < O inthe region
of interest:

0, y > Vg,
AW(X, YY) =W, —Wp = { Wa(X,y), Ya<Y<Ys,
0’ y < yAv

where yg < Yy,. Determine whether, and how, the steady state ventilated thermocline
theory predicts that the ocean climate will change in each of the subregions y >
VB, Ya <Y < V¥g, and y < Yya in response to the change in WE.

4. Suppose that Wg = Wy remains fixed but that the outcrop latitude shifts north-
wardfromy = y,toy = Y, = y» + Ay,, Ay, > 0(“global warming”). What regions
are affected? Compare with step 3.

5. Consider the solution at the subtropical-subpolar gyre boundary y = yp, where
We =0, layer 1 vanishes, and only layer 2 is in motion. Suppose that the western
boundary current is geostrophic so that the geostrophic relation for the meridional
velocity holds across the entire basin, and assume that the interface at the base of layer
2 surfaces on the inshore (western) side of the western boundary current at y = vp.
Derive an equation relating the total geostrophic transport into the subpolar gyre to a
boundary condition for the ventilated thermocline solution.

6. Suppose that Wg and the outcrop latitude remain fixed but that the interhemi-
spheric meridional overturning circulation intensifies so that an increased northward
geostrophic flux across the gyre boundary into the subpolar gyre is required in the
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layer 2 western boundary current. If the boundary condition appearing in the equation
from step 5 adjusts to support this additional flux, what region is affected, according
to the ventilated thermocline solution? Compare with steps 3 and 4.

Exercise 5.3 Consider the planetary geostrophic equations in the form (4.57). Sup-
pose that the surface (z = 0) and bottom (z = —H) boundary conditions on w and T
are
T
w(z=0) = LEWS T(z=0)= —x—, (5.4)
f2 gor
w(z=-H)=T(z=-H) =0, (5.5)

where the ocean lies in x < 0. Suppose also that « has the form « = Af ~2y, where
W is a constant.

1. Assume that M has the form M(X,y, z) = xW(2), and derive the nonlinear
ordinary differential equation and boundary conditions that W must satisfy for this
M to solve Equation (4.57). What physical balance does this simplified equation for
W represent?

2. Consider the adiabatic, small diffusion limit © — 0, and assume that a diffu-
sive internal boundary layer forms at z = —h in the interior, for some h < H, with
warm fluid above and cold fluid below. In the equation derived in step 1, assume that
W =0 at z= —h, and expand W in a Taylor series about z= —h. Use a bound-
ary layer scaling to determine how the thickness of the diffusive internal boundary
layer scales with p for the following two cases: (1) dW/dz > 0 at z= —h and
(2) dW/dz =0 and d?W/dz?> < 0 at z= —h. On general principles, if the depth
h represents the depth of the wind-driven planetary geostrophic motion in the sub-
tropical gyre, how would it be expected to scale with the strength W, of the wind
forcing?

3. In the adiabatic, small diffusion limit & — 0, show that in the adiabatic regions
above and below the diffusive boundary layer, the solution must be quadratic in z:

W(2) =az2+bz+c,—-h<z<0 (5.6)
W) =a(z+H?+b(z+H)+c,—H <z < —h. (5.7)
Use the boundary conditions, including the assumption W = 0 at z= —h, and the

continuity of W and dW/dz at z = —h to determine a, &, b, b/, ¢, ¢/, and h. Is the
dependence of h on W, consistent with either of the scalings from step 2?

Exercisesfor Chapter 6

Exercise6.1 1. For velocity and length scales U and L that are appropriate for
laminar laboratory rotating-fluid experiments, and for typical values of the molec-
ular diffusivity xc for dissolved materials or dyes, compute the Peclét number
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Pec = UL /kc. Conclude whether the homogenization regime can be reached in
simple laboratory experiments.

2. Repeat the calculation in step 1 for large-scale recirculating oceanic motions. Use
appropriate values of the velocity and length scales U and L, and assume values of
100 to 5000 m? s~* for the effective lateral diffusivity from mesoscale eddy motions.
Values in this range have been derived as representative of ocean drifter or float
dispersion in various mesoscale flow regimes. Conclude whether the homogenization
regime can be reached in these oceanic flows. Compare the resulting effective Peclét
number to the laminar laboratory values obtained in step 1.

Exercise 6.2 1. For hyg = hyy = 500 m, reduced gravities y1 = y», = 1073, and mid-
latitude values of fo and By, compute Wit in (6.29). Compare the resulting value of
Werit to typical midlatitude values of the Ekman pumping velocity We.

2. Repeat the comparison in step 1 for a suitable range of values of hyg, hyg, y1, and
v, and discuss the implications of the comparisons for the possible relevance of the
theory to large-scale ocean flows.

3. For a suitably chosen set of parameter values supporting a recirculation in the
subsurface layer, compute and plot versus latitude y the dimensional layer-thickness
deviations at x = 0 associated with the homogenized and frictionally driven solutions
(6.38) and (6.49), respectively.

4. Compute and plot the layer-thickness deviations for a comparable meridional
cross section through a homogenized potential-vorticity model (5.66)—(5.67) of the
western pool region in the ventilated thermocline theory. Compare this profile to the
layer-thickness deviations obtained in step 3.

Exercise 6.3 Consider athree-layer quasi-geostrophic model with a motionless fourth
layer. Suppose that the mean layer depths and density differences are all equal. For
large-scale motion, with small dissipation and eddy fluxes, the dimensionless quasi-
geostrophic potential vorticity equations are

f
J(WY1, o) = H—01WE — Vh - F1, (6.1)
J(Y2, ) = —Vh - F2, (6.2)
J(¥3, G3) = —Vh - T3, (6.3)

where Hj is the constant undisturbed or mean thickness of each layer, fy is the value
of the Coriolis parameter at the central latitude y = 0, layer 1 is the surface layer,
and v; is the stream function in layer j, j = {1, 2, 3}. The corresponding potential
vorticities qj, j = {1, 2, 3}, are

th = BY — F(¥1 — ¥2). (6.4)
O = BY — F(¥2 — ¥1) — F(¥2 — ¥3), (6.5)
Uz = BY — F(¥3 — ¥2). (6.6)
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where B = B,L2/U and F = L2/L% are dimensionless parameters. Here g, is the
dimensional meridional gradient of the Coriolis parameter, L = y Hy/fZ is an inter-
nal deformation radius, y is the reduced gravity based on the density difference
between two adjacent layers, and U and L are the speed and length by which hori-
zontal velocities and distances are scaled, respectively.

Suppose also that the eddy fluxes Fj, j = {1, 2, 3} are given by

F1 = RVh(¥1 — ), (6.7)
F2 = RVh(¥2 — Y1) + RV(Y2 — ¥3), (6.8)
F3 = RVn(¥3 — ¥), (6.9)

where R « 1 is a constant, and that the Ekman pumping distribution is given by

—ax, r=X+y)?2<ry,

0. . (6.10)

WE(X,y) = {
where @ = Wy /r1, Wp > 0,andr; > 0 are constants. Assume that xw < —ry <r; <
Xg, where Xy and Xg are the western and eastern ocean boundaries.

1. Solve (6.1)—(6.9) exactly for the barotropic stream function g, where

1
Ye(X,y) = 3 (Y1 + Y2 + V), (6.11)

obtaining an explicit expression for ¢rg. Use the boundary condition ¢g(xg, y) = 0.
2. Show that, neglecting a small term of order R,

Yo = Wa(Go), (6.12)

where ¢, = By + a1¥g, and evaluate the constant a; .
3. Show that, neglecting a small term of order R,

V3 = W3(Gs), (6.13)

where 3 = By + axW2(§2), and evaluate the constant a;.

4. Find the condition on « so that there are closed contours of §,.

5. Integrate (6.2) over the area enclosed by a closed isoline of G,, and use the results
of steps 1 and 2 to solve for v, in terms of vg.

6. Using the result of step 5, compute §3. How does the region of closed isolines of
Gs, compare with the region of closed isolines of §,?

7. Integrate (6.3) over the area enclosed by a closed isoline of §s and solve for 3
in terms of ¥g.

8. Solve for the potential vorticities g, and gs.

9. For forcing strong enough that layer 3 is in motion, sketch vr1, v¥2, ¥3, Q1, Oz,
and gs.
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Exercisesfor Chapter 7

Exercise 7.1 1. For representative values of the geometric and thermal parameters,
compute and contour cross sections of temperature T, pressure p’, and zonal velocity
u for the zonally symmetric analytical circumpolar current (7.26)—(7.28).

2. For a suitably chosen range of representative values of the geometric and ther-
mal parameters, compute the total zonal transport (7.29) of the zonally symmet-
ric analytical circumpolar current (7.26)—(7.28). Compare these values to observed
estimates.

Exercise 7.2 For a value of the meridional slope s in (7.30) estimated from the
observed geometry of the Antarctic Circumpolar Current, and other suitably chosen
parameter values, compute the Ekman pumping (7.35) and associated Ekman transport
required to balance the southward trend of the circumpolar current core. Discuss
whether this computed Ekman flow may be consistent with observed wind stress
fields at the latitudes of the Antarctic Circumpolar Current.

Exercise 7.3 Consider the flow of a homogeneous fluid on a 8 plane of fluid in a
southern hemisphere basin with the circumpolar gap geometry, a rigid lid at z =0,
a flat bottom at z= —Hy, and an infinitesimally thin island barrier that spans the
gap at the zonal center of the basin. Let the basin boundaries be at y = {ys, yn}
and x = {Xw, Xg} and the circumpolar gap cover y_ < y < y,. Let the island barrier
be the line segment connecting (Xo, ya) and (xo, Yg), Where Xo = (Xw + Xg)/2 and
Vs < Ya < Y_ < Yy < ¥YB < YN, S0 that the tips of the island are outside the latitudes
of the circumpolar gap. Suppose that there is no surface forcing, except at the extreme
northwest and southwest corners of the basin, where a source and sink, respectively, of
equal volume flux magnitude V are located. Assume that the interior flow is described
by large-scale, inviscid, planetary geostrophic dynamics and that a meridionally flow-
ing boundary current may occur as required at any western boundary, including the
internal western boundary along the east side of the island barrier, but also that no
eastern boundary currents occur.

1. Show that the large-scale vorticity dynamics require that any geostrophic flow in
the interior be zonal and that the associated pressure gradients be meridional.

2. Suppose that a narrow zonal geostrophic jet with meridional width § <« yn — Ys
exists in the interior, between two regions of different constant pressure, p; and p..
Integrate the appropriate geostrophic relation meridionally and vertically to obtain
a relation between the pressure difference p; — p, and the zonal transport of
the jet.

3. Suppose that a boundary current exists along the east side of the island barrier. In
which direction must the current extend at the southern or northern tip of the island?

4. Provide an argument showing that because pressure is continuous through the
gap, flow from the source to the sink is possible if and only if there is a circumpolar
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current through the gap. Sketch the associated flow pattern, which will consist of a
system of meridional boundary currents and zonal jets.

5. For the flow pattern sketched in step 4, use the geostrophic transport relations
from step 2, and volume transport balances at the junctions of the boundary currents
and jets, to develop and solve a system of linear equations determining the interior
pressure differences and zonal jet transports in terms of the magnitude V of the volume
source and sink.

Exercisesfor Chapter 8

Exercise 8.1 For the analytical model of the warm-water branch of meridional
overturning,

1. Estimate Mg, hfn, and L 4. from observations. Suppose Mg = —(1/2)Mg, and
compute the value of Mg Is this value of Mg consistent with observed estimates of
North Atlantic Deep Water formation rates and mid-depth meridional overturning
volume transport? Explain how the answer depends on assumptions regarding mid-
latitude diabatic mixing, that is, on Aw.

2. For the values of h2 and Mg from step 1, compute Ae and the characteristic eddy
flux velocity v, = — Achn. Is this value potentially representative as a velocity scale
associated with meridional heat transport by mesoscale eddies?

Exercise 8.2 For the steady analytical solution (8.27),

1. Compute and contour the value of the eddy flux parameter A, giving complete
eddy compensation (Mg + Mg = 0) for suitable ranges of values of the northern
hemisphere cooling and southern hemisphere wind parameters, §h? and z;, with
other parameters held fixed at appropriate values. What range, if any, of these values
of A is physically reasonable?

2. Compute and contour the solution for the eastern boundary depth hg as a function
of Acand Ay for fixed values of tp and 71 and as a function of g and z; for fixed values
of A¢ and Ay. Discuss the relative strengths of these dependencies in the context of
the relative uncertainties of representative values for the corresponding parameters.

Exercise 8.3 For appropriate ranges of values of the parameters Ay and Ae, and
of the solution hgg, compute and contour the meridional overturning decay time
scale Tyoc (8.36). Determine the indicated range of physically reasonable values for
Tmoc. Discuss the implications of this time scale for large-scale ocean circulation
and climate modeling and prediction.

Exercisesfor Chapter 9

Exercise 9.1 1. From a suitable climatological atlas or data set, sketch the large-scale
distribution of freshwater forcing from the difference of precipitation and evaporation.
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Compare the amplitude of the associated vertical velocity to midlatitude values of the
Ekman pumping velocity WE.

2. Sketch the depth-integrated Sverdrup flow that is driven by this freshwater
forcing. Does it generally oppose or supplement the wind-driven Sverdrup flow?

3. Compute and sketch the effective salt flux that would be used to represent this
freshwater forcing in a large-scale, rigid lid, Boussinesq model. Does this flux drive
any Sverdrup flow?

Exercise 9.2 1. Explore numerical solutions of the thermohaline exchange-flow
model (9.12)—(9.14) for a range of values of the free parameters. Find examples
of solutions in single- and multiple-equilibrium parameter regimes.

2. Estimate the plausible range of physically representative parameter values for
(9.12)—(9.14) when the equations are interpreted as a model of the mid-depth merid-
ional overturning circulation. Does this range include a multiple-equilibrium regime?

Exercise 9.3 Use the exact spherical differential operators to compute the trans-
formation, analogous to (9.33), of the mass conservation equation for hydrostatically
balanced flow into the pressure vertical-coordinate system. Show that for the spherical
geometry, the flow is not exactly incompressible in the pressure coordinate system.
Identify the essential physical distinction between the pressure and distance radial
coordinates that causes this difference and why this distinction becomes unimportant
for sufficiently thin fluid layers at sufficiently large radii.
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